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DISTRICT OF MASSACHUSETTS, TO wit; 

tf^yKf\^^ BEiTftEMEMBERBD, that onHhe first day of April, in the 
'J>*«AL.S thirty sixth year of the independence of the United. Sj^tes of 
ll^./N/s/'^ America^ William Milliard, of thd said district, has de- 
posited in this office the 1 rtle of a book, the right whereof he claims as 
proprietor, in the words following, to wit ; *' a system of arithmetic, re- 
*' printed from the mathematical text bo< >k, compiled by the late presi- 
*• dent Webber for the use of the University at Cambridge.** 

In conformity to the act' of the congress of th0 United States, entitled 
*' an act for the encouragement of learning by securing (he copies of 
** mapSy charts, and books to the authors and proprietors of such copies 
'* during the times, thereb mentioned ;*' and also to an' act, entitled 
*' an act for the encouragement of learning by securing the copies of 
'^-maps, charts, and bnol^ to the authors and proprietors of such copies 
** during the times, therein mentioned ; ande:dendingthe oenefits there- 
of to the arts of designing, engraving, and etching historical and other 
prints.'* 

W. S. SHAW, deri of the district qf MaMachusettt. 
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Advertisement. 

By the permission of the corporation of Harvard 
College, the arithmetical part of Dr. Webber's Math- 
ematics is here published in a separate volume, with 
a view to the accommodation of those learners, who 
do not proceed to the other branches of the science ; 
and also of instructors who are preparing scholars for 
the University^. The examination for their admission 
will be conducted according to this systenu '^ 

Ccmbridge^ Afril 1, 1812* * 
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ARITHMETIC, 



N 



UMBER is the abstract ratio of one quantity to 
another of thesame kind, taken for unity. 

Theoretic Arithmetic is the science of numbers. 

Practical Arithmetic is the art of numbering. 

In Arithmetic there are five principal or fundamental rules 
for its .operations, namely. Notation, Addition, Subtraction, 
Multiplication, and Division* 

NOTATION.* 

Notation teaches how to read any proposed number^ ex- 
pressed in characters, and to write any proposed number in 
characters. 



*' As it is absolutely necessary to have a perfect knowledge 
of our excellent method of notation, in order to understani} the 
reasoning made use of in the following Notes, I shall endeavour 
to .explain it in as clear and concise a manner as possible. 

1. It may' then be observed, that the characters, by which aft 
numbers are. expressed, are these ten ; 0, I, 3, 3, 4, 5, 6, r, 
5, 9 ; is called a cypher^ and the rest, or rather all of them, 
are called ^figurea or digita. The names and signification of 
these characters, and the origin or generation of the numbers 
they stand for, are as follow; nothing; 1 one, or a single 
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10 NOTATIOSf. 

I. To read Numbers* 

RULE. 

To tl\e simple value of each figure join the name of its pla£:ev 
beginning at the left and reading toward the right* 

£XAMPL£B» 

Read the following number^. 

' . Z7 30791 IIIOOOIII 

101 • 70079 12345678W 

1107 33C6677 i02030tOi50607 08090 



/ 



thing, called an unit ; 1 and 1 are 2 two ; 2 and 1 are 3 three ; 
3 and 1 are 4 fotir ^ 4 and 1 are 5 five ; 5 and 1 are 6 six ; 6 and 
1 are 7 seven ; 7 and 1 are 8 eight ; 8 and I are 9 nine ; and 9 
and 1 are ten, which has no single character ; and thus by con- 
tinual addition of one, all numbers are generated. 

2. Besides the simple value of the figures, as above noted^ 
they have each a local value according to the following lawy 
namely, in a combination of figures, reckoning from right to 
left, the figure in the first place represents its primitive simple 
value ; that in the second place^ t^en times its simple t^alue ; 
that in the third place, a hundred times its simple value, and so 
on ; the value of the figure in each place being ten times the 
value of it in^that immediately preceding it. 

3. The names of the places are denominated according to 
their order. The first ii^ called the place of units ; the second) 
;tbat of tens ; the third, of hundreds ; the fourth) of thousands ; 
the fifth, often thousands; the sixth, of hundred thousands ; the 
seventh, of millions, and so on. Thus, in the number 3456789 ; 
9 in the first place signifies only nine ; 8 in the second place 
signifies eight tens, ov eighty ; 7 in the third pkce is seven 
hundred ; 6^in the fourth place is six thousand ; 5 in the fifth 
phice is fifty thousand ; 4 in the sixth place is four hundred 
thousand ; and 3 in the seventh place is three million ; and the 
whole number is read thus^ three million^ four hundred and 
fifty six thousand, seven hundred and eighty nine. 






NOTATION. M 

II. To write Numbers. 

RUi;.j&. 
Write the figures in the same order ?isxheir values arc «x- 
|)resse4 in, beginning at the left, and writing toward the rights 
remembering to supply those places of the natural order 
with cyphers, which ar^ omitted in the question. 



•^ 



4. A cypher, though it signifies nothing of itself, yet it occu« 
pies a placC) apd, when set on the right of other figures, in- 
creases their value like any other in a tenlbld proportion ; thus, 
5 signifies only five ; but 50, five tens or fifty ; and 500, fivp 
hundred, Sec. 

5. For the more easy reading of large numbers, they ^re ^ 
vided into periods, and halt periods, each half period consisting 
«f three figures ; the name of the first period being units ; that 
of the second, millions; of the third, billions ; of the fourth 
trillions. Sec. Also the first part of any period is the pfirt of 
units ; and the latter part, that of thousand^. 

The following Table contains a summary of (he whole doctrine. 



Periods. 
Half Pel . 
Figures 



Quadril. Tril. Billions. Millions. Units, 
th. un. th. un, th. un. th. un. c;xt cxu 
123,456 789,Q98 763,432 1*01,234 567 800 



^ Synofisis of the Roman JVbtatiQn. 
1=1 

2=11 As often as my ch^acter is repeated, so many 
3s=III times is its value repeated. 
4»IIII or IV A less character Ixsfore a greater di* 

5 » V minishes its value. 

6 s VI A less character after a greater in*- 

7 = VII creases its value. 
8«VIII - 

9^1% . • . . 



1» KOTATIOK. 

EXAMPLES. 

Write in figures the folloviring numbers. 

Eighty one. Two hundred and eleven. One thousand 
and thirty nine. A million and a half. A hundred and four 
score and five thousand. Eleven tl^ousand million, eleven 
hundred thousand and eleven. Thirteen billion, six hun- 
dred thousand million, four thousand and one. 

EXPLAJ^ATIOJ^ OF CHARACTERS. 

Note. It may be proper to explain here certain signs^ 
tised in this work. 

:? SIGNIFIES equality; as 20 shillings » 1 pound sig- 
nifies, that 20 shillings are equal to one pound. . ^ 
4- Signifies />iu;9, or xK^^f ion; as, 4+2=6. /' 
i^— Signifies minusy or subtraction ; as^ 6 — 2ss4f 
X. or., IntOy signifies multiplication ; as, 3X2 or 3»2=6. ; 
-r- Bt/y or ) ( signifies division; as, 6-7-2=3, or 2)6(3. 



lOa-X ' . >'■■ 

/»0«L 
100 ==c 
500 =D or lO For every D affixed this becomes vH 

times as many. 
1000«M or CID For every C and !), put one at each end", 
20bo«MM _ it becomes ten times as much. 
5000 a= ID 3: or V Aline over any number increases it 
6000= VI /" 1000 fold. 
10000 =sX or CCIOO 
50000«I333 
60000=:LX 
lOOOOOprCTor CCCI3DD 

looQoooaa M or cccciooab 

2(iOO00O«=^lM 



NOTATION. 18 

Divhicm may also be denoted by placing the dividend 
•over a line, and the divisor under it ; thus |=6-7-2=3. 

« : : •• Sigaiftes arithmetical proportion; thus 2 •• 4;:6 •• 8; 
here the meaning is, 4—2=8 — ^6=2. 

: :: : Signifies geometrical proportion ; thus 2 : 4 :: 3 : 6, 
which is to4e read, as 2 tq 4 so is 3 to 6. 

•7^ Signifies continual arithmetical proportion^ or arithmet^ 
teal progression ; thus, 2 : 4 : 6 : 8 *-r- signifies, that 2, 4, 6, 
and 8 are in arithmetical progression. 

■fr Signifies continual geometrical proportion^ or geometric' 
tal progression i thus, 2 : 4 : 8 : 16 -fr signifies, that 2, 4, 8, 
16, are in geometrical progression* 

••• Signifies therefore. 

"^* Signifies the second power^ or square ; thus, aT*]* sig- 
nifies the square of ;i^. 

"^^ Signifies the third potver^ or cube. 

""]»» Signifies any power. 

y/y or "^^, Signifies the square root; thus \/Xy or ;c*T» 
signifies the square root of ^. 

^V, or "^^, Signifies the cube root. ^ - 

«\/, or '"I'*, Signifies any root. ^ 

~^'*, Signifies any root of any power. 

The number, or letter, belonging to the above signs of 
powers and roots, is called the index^ or exponent. 

A line, called a vinculum^ drawn over several numbers, 
signifies, that the numbers under it are to be considered 
jointly ; thus, 20 — 7+8==5 ; but without the vinculum, 
20 — 7+^=21« The same thing is also sometimes express- 
ed by a parenthesis, inclosing two or more numbers or 
quantities thus, 20 — (7'+8)=5. 

Two or more letters, joined together like €hose of a wor^ 
signify, that the numbers, which they represent, are to be 
multiplied togedier ; thus ahsaxb ; and abcssaxbxc. 



\A SIMPLE ADpmOKr. 

SIMPLE ADDITION. 

Simple Addition teaches to collect several numbers of th« 
same denomination into one numberi called the sums 

, RUXE.* 

1. rtace the numbers under each other, so thit units may 
Sitand under units, ten^ under tens, Sec* and draw a line un- 
der them. 



* This rule, as well as the method of proof, is founded on the 
known axiom, ^ the whole is equal to the sum' of all its parts.^ 
All, that requires explaining, is the method of placing the num^ 
bers, and carrying for the tens, both which are evident from the 
natune of notation. For any other disposidon of the numbers 
would entirely alter their value ; and carrying one for every 
ten, from an inferior row or column to a superior, is evidently 
right, since an unit in the latter case is of the same value as ten 
in the former. 

Beside the method here • given, there is another' very inge- 
nious one of proving addition by casting put the nines. 

RULE. 

1. Add the figures in the first line, and find how many nines 
are contained in their sum. .. • 

2. Reject the nines and set the remainder in the same line^ 
"on the right. 

3. Do the same in each of the other lineS) and find the sum 
of the row of excesses. Then the nines of this sum, and of the 
sum of the given numbers being rejected, if the two excesses 
be equal, the addiuon is proved to be rightly performei^. 



SXAMPLE. 



3782 
5766 
B755 

18303 



2 

? 7 

«j __ 
H 
^6 



1 



SIMPLE ADDITION. U 

^2. Add the figures in the roiv of units, and find how many 
tens are contained in their sum* 

3. Set the remainder under the line, and .carry as many 
units to the n«fft row, as there are tens, with which proceed 
as bt'forc^ : and so on till the whole is finished. 



This method depends on a property of the number 9, which 
belongs to no other digit whatever, except S, namely, that any 
number divided by 9 leaves the same remainder, as the sum of 
its figures or .digits divided by 9 ; which may be thus d^mon* 
strated. 

Demon. Let there be any number, as 3467 ; this separated 
into its several parts becomes 3000+400+60+/; butSOOOaS 
Xl000ss3X999 + 1=3x999+3. In like manner 400=4 X 
99+4, and 60=6x9+6. Therefore 3467=3x999+3+4X 
994.4+6XS>+6+r = 3x999+4X99+6x9+ 3+4+6+7. And 

3467;^3X999+4X99+6X9 3+4+6+7^ But3x999+4X 

9 9* ^ 9 ^ 

.99+6x9 Is evidently divisible by 9 ; therefore 3467 divided by 

9 will leave the same remainder, as 3+4+6+7 diyided by 9; 

and the same will hold for any other number whatever. Q« £• D. 

The same may be demonstrated universally thus. 

Demon. Let JVaa any number whatever, a, ^, c, Sec. the dig- 
its, of which it is composed, and nas as many cyphers as a, the 
highest digit, is place s from unity. Then JVssa with n Os+5 
with 71—1 Os+c withn— 2 Os, Sec , by the i^ati^re of notation ; 
^» feoXn 9s+a +6Xw^ — ^1 98+6+cxw— 2 98+c,8cc. =ax« 9s+^ 
Xw — 19s+cx« — 2 9s, &c. +a+d+c, &c. but aXn 9s+dx« — l 
i9s+f X«— 2 9s, &c. is plainly divisible by 9 ; therefore A* di- 
vided by 9 willlMve the same remainder, as a+^+c, Sec, divid- 
ed by 9. Q. E. D. 

In the very same manner, this property may be sho¥m to be- 
long to the number three ; but the preference is usually given 
to the number 9, on account of its being more convenient in 
practice. 

Now froti) the demonstration here -given, the reason of the- 
i;ule itselt is evident ; for the Excess of nines in each of two or 
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SIMPLE ADDITION, 



METHOD OF PROOV* 

1* Draw a line between the first and second lines of fig* 
Ures to. cut off the first number. 

2. Add all the other numbers, and set theirsum under the 
9um of all the numbers. 

3. Add the pumbers last fowad and the nuxm>er cut off ^ 
and if their sum be the 9ame^ as 4hat found by tKe first ad* 
dijbkm^ the 9Um is right* 

EXAMPLES. 

(1) (2) (3) 

23456 22345 345^8 



78901 
93456 
78901 
23456 
78901 



307071 Sum. 



283615 




99755 Sum. 
77410 



3750 

87 

328 

17 

327 - 

■•■■■«■■■■■■■■ 

39087 Sum« 



4509 



307071 Proof. 



99755 Proof. 



39087 Propt 
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more numbers bqng taken, and the excess of nines also in the 
sum of these excesses, it is plaih, the last excess must be equal 
to the excess of nines, contsdned in the sum of all the numbera f 
the parts being equal to the whole. 

This rule was first given by Dr. Wallis in his Arithmetic, 
published A. D. 1657, and is a very simple, easy method; 
though it is liable to this inconvenience, that a wrong operation 
may sometimes appear to be right. For if we change the plac- 
es pf any two figures in the sum, it will still be the same. A 
true sum will however always appear to be true by this proof; 
and to make a &lse one appear true, there must be at least two 



^MPLfe SUBTRACTION. if 

4 Add 8635, 2194, 7421, 5063, 2196, and 1245 together. 

Answer 26754. 

5. Add 246034,298765^ 47321, 58653, 64218, 5376, 9821, 

and 340 togedier. ^ Ans« 730528. 

6. Add 562163, 21964, 56321^ 18536,4340,279^ and 83 
together. Ans. 663686* 

7. How many days are there in the twelve calendar 
months ? Ans. 365. 

3. How many days are there from the 19th day of April, 
1774, to the 27th day of November, 1775, both days exclu- 
sive^ Ans. 586. 



SIMPLE SUBTRACTION. 

Simple Subtraction teaches to take a less number from a 
greater of the dame denomination^ and thereby shows the 
difference or remainder. The less numb#*, or that which is 
to be subtracted, is called the Subtrahend; the other, the mi" 
nuend ; and the number, that is found by the operation, the 
remainder or difference* 

KtTLE.* 

1. Place the less number under the greater, so that units 
may stand under units, tens under tens, &c. and draw a line 
tinder them. 



1^*1 



errors, and th^rse opposite to each other. And if there be more 
than two errors, they must balance among themselves ; but the 
thance against this pardcular circumstance is so great, that we 
inay pretty safely trust to this proof. 

♦ Demon. 1. When all the .figures of the less number are 
less than their correspondent figures in the greater, the differ- 
ences of the figures in the several like places must, taken to- 
gether, make the true difference sought ; because, as the sum 

.3 
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SIMPLE SUBTRACTION. 



ft, .Begtnningf at the right, take each figure in the subtra- 
hend from th^ figure over it, and set the remainder under 
the line* 

3. If the lower figure be greater than that over it, add ten 
to the upper fig^re { from which figure, so increased, take 
the lower, and write the remainder, carrying one to the next 
figure in the lower line, with which proceed as before ; and 
so on till, the whole is finished. ^ 

Method of Proof. 

Add the remaihder to the less number, and if the sum be 
equal to the greater, the work is right* 



(0 

Prom 3ZS762S 
Take 3343756 



EXAMPLES. 

From 5327467 
Take 1008438 



. (3) 
From 1334567 

Take 345678 



Rem* 94386d Remain. 4319029 Remain. 888889 



Proof 3287625 Proof 5327467 Proof 12345er 



of the parts is equal to the whole, so must the sum of the diffe- 
rences of all the similar parts be equal to the difference of the 

wholes, or given numbers. 

2. When any figure of the greater number is less than its 

correspondent figure in the less, the ten, which is added by the 
rule, is the value of an unit in the next higher place, by the na- 
ture of notation ; and the one, that is added to the next place 
of the less number, is to diminish the correspondent place of the 
greater accordingly ; and therefore the operation in this case is 
only taking from one place and adding as much to another, 
whereby the number is never changed* And by this method 
the greater number is resolved into such parts, as are each 
greater thanj or equal to the similar parts of the less ; and the 



SIMPLE MULTIPLICATION. »9 

4. From 2637804 take 2376982. Ans. 260822. 

5. From 3762162 take 826541. Ans. 293.^621. 

6. From 78213606 take 2782189a Ang. 50391716. 

7. The Arabian method, of notation was first known in 
England about the year 1150; how long was it thence to 
the year 1776 i Ans. 626 years. 

8. Sir Isaac Newton was bom in the year 1642, and aied 
ia 1727 ; how old was he at the time of his decease ? 

Ans. 85 years* 



SIMPLE MULTIPLICATION. 

Simple Multiplication is a compendious method of addi- 
tion, and teaches to find the amount of any given number of 
one denomination, by repeating it any proposed number of 
times. 

The number, to be multiplied, is called the multiplicand. 

The number, to multiply, is called the multipHetm 

The number, found from the operation, is called the pro^ 
'duct. 

Both the multiplier ^d multiplicand are, in general, call* 

ed terms or /actors* 



difference pf the corresponding figures, taken together* will ev* 
idently make up the difference of the given numbers, Q. £• D. 
The truth of the method of proof is evident; for the differ- 
ence of two numbersi added to the less^ is manifestly equal to 
the greater. 
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SIMPLE MULTIPLICATION. 
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Multiplication and Division Table* 


« 




1 2 1 3 4 1 5 1 .M6 1 7 


8 
16 


^1 


10 


11 


12 

24 
36 


•2 4 1 6 8 1(J 1 12 1 14 


18 1 


20 


22 


3 1 6 


.9 12 1 15 18 1 21 1 24 


27 1 


30 1 


3^ 1 


4 1 8 


12 16 1 20 24 


28 1 32 


36 1 


40 


44 1 


48 


5 1 10 1 15 1 20 25 1 30 


tiS 40 


45 1 


50 


55 


60 


6 1 12 1 18 1 24 1 30 1 36 42 | 48 


54 1 


bO 


66 


7^ 

^<4 


7 1 14 1 21 1 28 ] 35 1 42 1 49 


56 


63 1 


70 


■ '77 


•8 


16 1 24 32 1 40 1 48 1 56 


64 


72 1 


SO 


88 


.96 


9 


18 


27 1 36 I 45 54 63 | 72 


81 1* 


90' 


99 


i08 


10 M 


30 40 50 1 60 70 | 80 


' 90 1 


UX) 


110 


120 


11 1 22 


33 44 55 1 66 j 77 88 


9 ' 1' 


liJ 


1 121 


•,>2 


12 1 24 36 1 48 1 60 72 | 84 96 


l'08 1 


20 


132 


144 



Use of the table in Multiplication. 

Find the multiplier in the first column on the left, and the 
multiplicand in the first line ; and the product is in the com- 
mon angle of meeting, or against the multiplier, and undet 
the multiplicand* 

Use of the table in Division. 

Find the divisor in the first column on the left, and the 
dividend in the same line ; then the quotientwill.be, over the 
dividend, the first nutnber of the column. 

RULE.* 

1. Place the multiplier under the multiplicand, so that 
units may stand under units, tens under tens, &c. and draw 
a line under them. 



^ Demon. 1. When the multiplier is a single digit, it is 
plain, that w^^nd the product ; for by multiplying every figure, 
that is, every part of the multiplicand, \iie multiply the whole ; 
and writing down the products, that are less than ten, and the 
^^cesses above tens respectively in the places of thp figures' 



SIMPLE MULTIPLICATION. ^l 

2* Begin at the righti and multiply the whole multiplicand 
aeverally by each figure in the multiplier, setting the first 
figure of every line produced directly under the figure you 
are multiplying by, and carrying for the tens, as in addition. 

3. Add all the lines together, and their sum id the productf 

multiplied, and carrying the number of tens in each product to 
the product of the next place is only gathering together the 
similar parts of the respecdve products, and is therefore the * 
89me thing, in effect, as writing the multiplicand under itself so 
often as the multiplier expresses, and adding the several reper 
tidons together ; for the sum of each column is the product of 
the figures in the place of that column; and these products, 
collected together, are evidently equal to the whole required 
product. 

2. If the multiplier consists of more than one digit ; having 
then found the product of the multiplicand by the first figure of 
the multiplier, as above, we suppose the multiplier divided into 
parts, and find^ after the same manner, the prodjuctof the multi- 
plicand by the second figure of the multiplier ; but as the fig- 
ure we are multiplying by stands in the place of tens ; the pro- 
duct must be ten times its simple value ; and therefore the first 
figure of this product must be placed in the place of tens ; or, 
which is the same thing, directly under tHe figure we are mul- 
tiplying by. And proceeding in this manner separately with all 
the figures of the multiplier, it is evident, that we shall multiply 
all the parts of the muldplicand by all the parts of the muldpli- 
er ; or the whole of the muldplicand by the whole of the multi- 
plier ; therefore the sum of these several products will be equal 
to the whole required product. Q. £. D. 

The reason of the method of proof depends on this proposi- 
tion, namely, <^ that two numbers being muldplied together, ei« 
ther of them may be made the multiplier, or the multiplicand, 
9iXid the ifroduct will be the same.'* A small attention to the 
nature of the numbers willlhake tbis truth evident ; for ^X^aa 
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SIMPLE MULTIPLICATION. 



Method of Proof. 

Make the former multiplicand the multiplier, and the mul^ 
tiplier the multiplicand, and proceed as before ; and i^ the 
product be equal to the former, the product is right* 



21=i7X3; and, in general, 3X4X5X6, &c.ss4x3x6X5, ftcc. 
without any regard to the order of the terms ; and this is true 
of any" number of factors whatever. 

The following examples are subjoined to make the reason of 
the rule appear as plain as possible. 



(1) 




(2) 








37565 




1375435 








5 


5X3 


4567 




7 dmes 


plicand.] 
the muldr 


25,P=: 


9628045 


30 » 


60X5 


8252610 


ss 


60 times 


do. 


25 s= 


500X5 


6877175 


ss 


500 times 


do. 


35 = 


7000X5 


5501740 


:= 


4000 dmes 


do. 


15 = 


30000X5 






4567 times 




5281611645 


do. 



187835 =* 3750^X5- 



Beude the preceding method of proof) there is another very 
convenientand easy one by the help of that peculiar property 
of the number 9, mentioned in addition ; which is performed 
thus. 

KtjLB 1 . Cast the nines out of the two fectorsy as in additioui 
and write the remainder. 

2. Muldpiy the two remunders together, and^ if the excess 
of nines in their product be equal to the excess of nines in the 
total product, the answer is . 'ght. 
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SIMPLE MtJLtlPLICATlON. 34 

EXAMPLES. 

(t) (2) 

Multiply 23456787454 Multiply 32745654478 

by 7 by 234 

1641^97512178 Product. 130982617892 

■ 98236963419 

65491308946 



Product 7662483146682 



BXAMPLE* 

4215 Sssexcess of 98 in the multipUcaad. 
S78 5sditto in the multiplier* 



33720 
29505 
33720 



3700770 6assditto in the productssexcess of 9s in 3x5. 



• 



Demonstration or the Rule. Let Mand ^Vbe the num- 
ber of 9s in the factors to be muldplied^ and a and b what re- 
mains; then M+a and J^+b w ill be th e numb ers themselvesy 
and their product is Mx J^+ Mxb+J^a+axb ; but the 
first three of these products are each a precise number of 9s,be« 
cause one of their factors is so ; therefore, these being cast a- 
way, there remains only axb ; and if the 9s be also cast out of 
this, the excess is the excess of the 9 s in the total product ; but 
and b are the excesses in the factors themselves, and dxb their 
product ; therefore the rule is true. Q- £. D. 

This method is liable to the same inconvenience with that in 
addition. 

Multiplication may also very naturally be proved by division ; 
for the product being divided by either of the factors, the quo- 
tient will evidently be the other ; but it would have been contra- 
ry to good method to give this rule in the text, because the pu- 
pil is supposed as yet to be unacquainted with division. 



U SIMPLE MULTIPLICATIO:^. ^ 

3. Multiply 32745675474 by 2. Ans. 65491350948. 

4. Multiply 84356745674 by 5. Ans. 421/83728370. 

5. Multiply 3274656461 by 12. Ans. 39295877532. 

6. Multiply 273580961 by 23. Ans. 6292362103. 

r. Multiply 82164973 by 3027. Ans. 248713373271. | 

9. Multiply 8496427 by 874359. Ans. 7428927415293. 

CONTRACTIONS. 

L When there are cyphers on the right of one or both the 

factors. 

RULE. 

Proceed as before, neglecting the cyphers, and on the 
right of the product^place as many cyphers as are in both the 
fiictors. 

EXAMPLES. 

1. Multiply 1234500 by 7500. 

12345 
75 



61725 
86415 



9258750000 the Product 



2. Multiply 461200 by 72000. . Ans. 33206400000. 

3. Multiply 815036000 by 70300. Ans. 57297030800000. J 

.\ 
11. When the muUtplier is the product oj two or more numbers \ 

in the tabk. 

RULE.* 

Multiply continually by those numbers or parts, instead 
of the whole number at once. 

• The reason of this method is obvious ; for any number, 
multiplied bj the component parts of another number, must 



MMPLE DIVISION^ ^5 



EXAMPLES. 

i. Multiply 123456789 by 25. 

123456789 



617283945 
5 



30864 1 9725 the product. 
j2. Multiply 364111 by 56. Ans. 20390216* 

3. Multiply 7128368 by 96. Ans. 684323328. 

4. Multiply 123456789 by 1440. Ans. 177777776160^ 

SIMPLE DIVISION. 

Simpk Division teaches to find how often one number id 
tontained in another of the same denomination, and thereby 
jperforms the work of many subtractions. 

The number, to be divided, is called the dividendk 

The number, to divide, is called the divisor. 

The number of times, the dividend contains the divisor, is 
called the quotient. 

If the dividend contsdn the divisor any number of times 
and an excess, that excess is called the remainder. 

RULE.* 

• 
1. On the right and left of the dividend, draw a curved 
line, and write the divisor on the left, and tlie quotient, as it 
rises, on the right. 

give the same product, as if it were multiplied by that number 
at once ; thus, in example the second, 7 times the product of 8, 
multiplied into the given number, makes 56 times that given 
number, ad plainly as 7 dmes 8 makes 5^. 

• According to the rule, we resolve the divid^id into parts, 
and find by trial the number of times the divisor is contained in 

e^ch of those parts ; the only thing then, wtucfa remains to be 

4 
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96 SIMPLE DIVISION* 

1 

2. Find how many times the divifior maybe had in so ma- 
ny figures of the dividend, as are jiist necessary, and write 
the number in the quotient. 

3* Multiply the divisor by the quotient figure, and set the 

« 

product under the part of the dividend used. 

4. Subtract the last found product from that part of the 
dividend, under which it stands, and on the right of the re- 
mainder bringdown the next figure of the dividend ; which 
number divide as before ; and proceed in this manner till 
the whole is finished. 



proved, is, that the several figures of the quotient, taken as one 
number, according to the order, in which they are placed, is the 
true quotient of the whole dividend by the divisor, which may be 
thus demonstrated. i 

Demon. The complete value of the first part of the dividend 
is, by the nature of notation, 10, 100, or 1000, &c. times the 
value of which if is taken in the operadon, according as there are 
1, 3, or 3, &c. figures, standing on the right of it; and conse- 
quently the u*ue value of the quotient figure^ belonging to that 
part of the dividend, is also 10, IpO, or 1000, 8cc. times its simple 
value. But the true value of the quodent figure, belonging to 
that part of the dividend, found by the rule, is also 10, 100, or 
10b0<, &c. times its simple value ; for the number of figures on 
the right of it is equal to the number of remaining figures in the 
dividend. Therefore this first quotient figure, taken in its com- 
plete value at the place it stands in, is the true quotient of the 
divisor in the complete value of the first part of the dividend. 
For the same reason, all the rest of the figures of the quotient, 
taken according to their places, are each the true quotient of 
the divisor, in the complete value of the several parts of the di- 
vidend, belonging to each ; because, as the first figure on the 
right of each succeeding part of the dividend has a less number 
of figures, by one standing on the right of it, so ought their quo- 
tients to have ; and so they are actually ordered ; consequently. 



SIMPLE DIVISION. »7 

V 

Method of Proof. 

Multiply the quotient by the divisor, and this product, ad* 
ded to the remainder, will be equal to the dividend, when the 

work is right. 

(I M l I I 

all the quotient' figures being taken in order as they are placed 
by the rule^ they make one number, which is equal to the sum 
of the true quotients of all the several parts of the dividend ; 
and therefore is the true quodent of the whole dividend by the 
divisor. Q. £. D. 

To leave no obscurity in this demonstradonf I shall illustrate 
it by an example. 

EXAMPLE. 

Divisor 36)85609 Dividend. 



isrpart of the dividend 85000 

36 X 2000 tsi 72000 - - 3000 the 1st quodent. 

1st remainder - 13000 

add 600 



2d part of the dividend 1 3600 

36 X 300 asr 10800 - - 800 the 2d quotient. 

2d remainder • 2800 

add 00 



3d part of the dividend 2800 

36 X 70 ss ^520 - - 70 the 3d quotient. 

3d remainder - 280 

add 9 



4th part of the dividend ^ 289 

36 X 8 =s 288 - - 8 the 4th quotient. 



Last remainder « I 2378 sumofthequoddntSy 

or the answer. 

.ExpLAHATiov. It is evideuty that the dividend is resolved-ln- 



4| SiMPLE DIVISION, 

I 

EXAMPLE^. 

*)13545y28(2y09145| 565)123456r89(S382lif 
10 1095 



35 1395 

as 1095 



45 3006 

45 2920 



mmm 



7 867 

5 730 



22 1378 

20 1095 



28 2839 

25 2555 

3 284 

y i 

to these parts, 85000+600+00+9 ; for the first part of the di*? 
iddend is considered only as 85, but yet it is truly 85000 ; and 
therefore its quotienti instead of 2, is 2000, and the remaindec' 
13000 ; and so of the rest, as pay be seen in the operation. 

When there is no remainder after the operation of dividing is!^ 
finished, the quotient is the absolute and perfect answer to the 
question ; but where ther^ is a remainder, it may be observed^ 
that it gives a part of another unit for the quotient, "Virhich is 
greater as it approaches nearer to the divisor. . Thus, if the re- 
mainder b^ a fourth part of the divisor, the part is one fdurthf 
or one fourth of the divisor is contained in the dividend beside 
the quotient alteady found ; if half the divisor, the part is oncf 
half, 09 one half of the divisor is, in addition to the quotient al^ 
pQdciy fQundy contained in the dividend i and so on. In ordet:, 
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vS. Divide 3/56789275474 by 2. Ans. 1 87839463 7r37,' 
.4. Divide 12345678900 by 7. Ans. 1763668414f. 

5. Divide 9876543210 by 8. Ans. 1234567901^. 

6. Divide 1357975313 by 9. Ans. 150886145|^ 

7. Divide 3217684329765 by 17. Ans. 1892755488b9||. 



therefore to complete the quotient, put the last remainder at the 
end of it, above a small line, and the divisor under it. 

It is sometimes difficult to find how often the divisor is con- 
tained in the numbers of the several steps of the operation ; the 
best way will be to find how often the first figure of the divisor 
is contained in the first, or two first, figures of the dividend, and 
the answer, made less by one or two, is generally the figure 
wanted. Beside, if after subtracting the product of the <£visor 
and quotient from the dividend> the remainder do equal to, or 
exceed the divisor, the quotient figure xnust be encreased ac- 
cordingly. 

tf, when you have brought down a figure on the right of the 
remainder, it be still less than the divisor, a cypher must be put 
in the quotient, and another figure brought down, and then pro-^ 
ceed as before. 

The reason of the method of proof is plain ; for since the 
quotient is the number of times the dividend contains the divi*^ 
fior, the product of the quotient and divisor must evidently be 
jequal to the dividend. , 

There are several other methods, used to prove division ; the ' 
best and most useful are the following. 

Rule I. Subtract the remainder from the dividend, and divide 
this remainder by the quotient, and the quotient, found by this 
.division, will be equal to the former divisor, when the work is 
fight. 

The reason of this rule is plain from what has been observed 
Above. 



» SIMPLE DIVISION. 

8. Divide 3211473 by 27. . Ans, 118943|^. 

9. Divide 1406373 by 108, Ans. 1,302 1 1^. 

10. Divide 293839455936 by 8405. Ans. 34960078^^. 

11. Divide 4637064283 by 57606. , Ans. 80496fiJ^ 



Mr. Malcolm, in his Arithmetic, has fallen into an error 
concerning this method of proof, by making use of particular 
numbers, instead of a general demonstration. He says, the di- 
vidend being divided by the integral quotient, the quotient of 
this division will be equal to the former divisor, with the same 
remainder. This is true in some particular cases ; but it will 
not hold, when the remsdnder is greater than the quotient, as 
may be easily demonstrated ; but one instance will be sufficient ; 
thus 17, divided by 6, p;ives the integral quotient 2, and remain- 
der 3f ; but 17, divided by 2, gives the integral quotien 8, and 
remainder 1. This shows how cautious we ought to be-in de- 
ducing general rules from particular examples. 

RtJLB II. Add together the remainder, and all the products 
of the several ^quotient figures by the divisor, according to the 
order, in which they stand in the work, and the sum will be 
equal to the dividend, when the work is right. 

The reason of this rule is extremely obvious ; for the num- 
bersy that are to be added, are the products of the divisor by each 
figure of the quotient separately, and each possesses, by its 
place, it^ complete value ; therefore the sum of the parts, to- 
gether with the remainder, must be equal to the whole. 

RuLB III. Subtract the remainder from the dividend, and 
what remains will be equal to the product of the divisor and 
quotient ; which may be proved by casting out the nines, as was 
done in multiplication. 

This rule has been already demonstratedjn multiplication. 

To avoid obscurity I shall give an example, proved accord- 
ing to all the different methods. 



SIMPLE DIVISIOM. « 

CONTRACTIONS. 

I. To divide by any nun^ber with cyphers -Annexed. 

# 

RULE.* 

Cut off the cyphers from the divisor, and the same num- 
ber of digits frpm the right of the dividend ; then divide;^ 



EXAMPLE. 
87)123456789(1419043 123456789 

87* 87 ' 48 

364 9933301 141 9043) 12.*l|45674 1(87 Proof by Dir. 

348* 11352344 11352344 

48 

. 165 9935301 

. . 87* 123456789 Proof by Mult.9933301 

..786 
..783* 

^ ... 378 Proof by casting out the nines. 

.... 348* 4 is the excess of 9s in the quotient. 

■ 6 ditto - - - - in the divisor. 

309 6 ditto - - - - in 4X6, which 

261* is also the excess of 9s in (123456741) 

■ the dividend made less by the remainder 



• 



48* 

1 2 3456789 Proof by Addition. 



<^ 



For illustration, we need only refer to the example ; except 
for the proof by Addition ; where it may be remarked, that the 
asterisms show the numbers to be added, and the dotted lines 
their order. 

* The reason of this contraction is easily perceived ; for cut- 
tini^ off the same figures from each is the same as dividing each 
of them by 10, 100, 1000, Sec. and it is evident^ that as often as 



^ 



^m!>le division. 



ttiakiiig use of the remaining figures, as usual, and the quoi' 
tient is the answer ; and what remains, written before the^ 
igures cut off, is the, true remainder. 

EXAMPLES. 

i. Divide 31086901/ by 7100. 

y 1,00)3 108690,1 7(43r84ffiJ the quotient 
284 

268 ■ I 

213 . 

556 

49r 

599r 
568 

310 
284 



261 T' 

2. t)ivide. 7380964 by 23000. Ans. 320|f««:^ 

3. Divide 29628754963 by '35000. Ans. 846535||»§|. 

II. When the dhisor is the product of two or more numberd 

in the tabki 

RULE.* 

Divide continually by those numbers, instead of the whole 
divisor at once. 



•■ ■*■ 



the whole divisor is contained in the whole dividend, so often 
must any part of the divisor be contained in d like part of the 
dividend. This method is only avoiding a needless repetition 
of xyphers, which would happen in the common wiay, as may 
be seen by working an example at large. 

* This follows from the second contraction in multiplication^ 



Simple division. 



EXAMPLES. 



i. Divide 31046835 by 56=:rx8. 
r)3 1046835(4435262 8)4435262(554407 the quotienl. 

28 40 



30 
28 



43 
40 



24 
21 



35 
32 



36 

35 



32 
32 



18 
14 



62 
56 



43 
42 



15 
14 



of which it is only the converse ; for the third part of the half 
of any thing is evidenti]/ the same as the ^astix part of the whole ; 
and so of any other parts« I have omitted #ftying any thing in 
the rule abo^jt^e method of finding the true remaixider ; for 
as the leamer^lTsupposedf at present) to be unacquainted with 
the nature of fractions, it would be improper to introduce them 
in this part of the work, especially jtt the integral quotients is 
sufiicient to answer most of the purposes of practical division. 
However, as the quotient is complete without this remainder^ 
and in some computations it is necessary it should be known, I^ 
shall here show the manner of finding it> without any assistance 
from fractions. 



34 SIMPLE DIVISIfUX. 

2. Divide 7014596 by 72=8X9. 
8)7014596 



i^M 



9)876824 4 

- -. \ 

97424 8 the quotient* 
^ Divide 51306^ by 132. Ans. 38868^1 

4. Divide 83016572 by 24a Ans. 345902^^1^. 

f I |r- ■■■ 

RULE. Multiply the quotient by the divisQi^ and subtract the. 
product from the dividend, and the result will be the true re- 
mainder. 

The truth of this is extremely obvious ; for if the product of 
the divisor and quotient^ added to the remainder, be equal to 
the dividend, their product, taken from the dividend, must leave 
the remainder. 

The rule, which is most commonly used, is this. 

Rule. Multiply the last remainder by the preceding divisor, 
or last but one, and to the product add the preceding .remain* 
der ; multiply this sum by the next preceding divisor, and to 
the product add the next proceding remainder ; and so on till 
you have used all the divisors and remaindera. 



9)648^5 divided by U4 1 the last remainder. 

■> Mult. 4 the preceding divisor. 

4)7207 3 — 

. ' ' 4 ^ 

4)1801 3 Add 3 the second remfdnder. 

450 I 7 

Mult 9 the first divisor. 

63 
Add 3 th6. first remainder. 

Ans. 450-^. 65 

Td explain this rule from the example, we may observe that 
every umt of the first quotient may be looked upon as contain- 



fi-' 
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JII, To perforin division more concisely than by the general 

ruk. 

RULE,* 

Multiply the divisor by the quotient figures as before, and 
subtract each figure of the product when you produce it, al- 
ways remembering to carry so many to the next figure as 
were borrowed before, 

EXAMPLES* 

J. Divide 5104675646 by 833, 

jB33)31046r5846(3r;»7101|4| the quotiei^ti 
^ 6056 

2257 
5915 
848 
1546 
713 

2. Divide 29137062 by 5317. Ans, 5479|f44^ 

3. Divide 6201 5735 by 7803. ^ Ans. 7947f||4, 

ing 9 of the utiits in the given dividend ; consequently every 
tmit of it, that remains, will contain the saiAe ; therefore this re> 
mainder must be multiplied by 9, in order to find the units of 
the given dividend, which* it contains. Again, every unit in the 
next quotient will contain 4 units of the preceding, or 36 of the 
given dividend, that is, 9 times 4 ; therefore what remains must 
be multiplied l^y 36 ; or, which is the same thing, by 9 and 4 
continually. Now this is the same as the rule ; for instead of 
finding the remainders separately, they are reduced from the 
bottom upward, stepJby step, to the first, $ind the remainipg iiniti^ 
pf the same class taken as they occur, 

* The reason of this rule is the same as that of the genorsil 
nile. 



86 REDUCTION. 

4. Divide 432756284563574 by 873469. 



Ans. 495445498|^}|^ 



REDUCTION. 

> 

JReduction is the method of bringing numbers from one 
^ame or denomination to anpther without changing the val- 
ue. 

In order to perform reduction, it is necessary to be ac- 
quainted with the relative value of the difierent denomina-t 
tions of coin, weight, and measure, that are used ; for which 
purpose see the following / 

TABLES OF COUST, WEIGHT^ AJTD MEASURE. 

MONEY. 



4 farthings make 1 penny. 
12 pence 1 shilling. 

20 shillings 1 pound. 



£ denotes pounds. 
y*or 8 shiUingSi 

d pence. 



TROy WEIGHT. 

24 grains make 1 penny-weight, marked grs. dwt. 
20 dwt. 1 ounce, qz. , 

12 oz. 1 pound, lb. 

By this weight are weighed jewels, gold, silver, com, 
bread, and liqours. 

APOTHECARIES' WEIGHT. \ 

20 grains make 1 scruple, marked gr. sc. or ^ 
3 sc. or 9 . 1 dram dr. or 5* 

8 dr. 1 ounce oz. or g. 

12 oz. 1 potind lb. 

Apothecaries use this weight in cc>mpounding their med- 
icines ; but they buy and sell their drugs by Avoirdupob 



REDUCTION. 



if 



weight* Apothecaries' is the same as Troy weight, having 
,only spme different divisions. 

m 

AVOIRDUPOIS WEIGHT. 

16 drams make 1 ounce, marked dr. oz* 

1 pound lb. 

1 quarter qr. 

1 hundred weight cwt. 
1 ton T. ' 

By* this weight are weighed all things of a coarse or dros- 
sy nature ; such as butter, cheese, flesh, grocery wares, and 
all metals, except gold a|id silver*^ , 



16 ounces 
28 lb. 
4 quarters 
?0 cwt* 



lb. 
^ A firkin of butter is . 56 

jA firkin of soap 64 

''a barrel of pot-ashes . • •• 200 
A barrel of anchovies .... 30 

A barrel of candles 120 

A barrel of soap 256 

A barrel of butter 224 

A fother of lead is 19^ ^wt. 
A stone of iron 14 

A stone of butcher's meat . 8 

56lb, old hay? , ^ « 
-^,. .^ c make a truss. 

60lb. new hay > 

36 trusses 'a load. 

4 pecks coal make 1 bushel. 
9 bushels «... 1 vat or strike. 

36 bushels 1 chaldrop. 

2 1 chaldrons 1 scoi^. 

i 

71b* wool roak.e • • ^ • • I clofe. 

2 cloves • 1 stoDe. 

3 stones 1 t|bd. 

6|tods 1 wlsy^ 

. 2 weys ....'. 1 sofck. 
12 sacks .... * 1 IjASt. 



lb. 
A gallQn of train oil . • . .*. 7| 

A faggot of steel ' 120 

A stone of glass . • ^ 

A seam of glass is 24 stone, 

or 120 

lb. oz. dr. 
A peck loaf of bread 

weighs ...... 17 6 1 

A half peck 8 11 

A quartern 4 5 8 

lb. 
A barrel of pork is . • • . 220. 

A barrel of beef is .... 220, 

A quintal offish 1 12. 

20 things make 1 score. 

12 1 dozen. 

12 dozen ... ..... 1 gross. 

144 dozed . . 1 greater gross. 

Farther f-^S7 60 grains si lb. 
Troy ; 7000 grains» 1 lb, A- 
voirdupois ; therefore the 
weight of the pound Troy is to 
that of the pound Avoirdupois^ 

as 5760 to 7000, or as 144 t6 
176. 



^ 
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DRY MEASURE. 

Marked I Marked 

2 pints make 1 quart pU. qts. I 8 bushels 1 quarter qr 



2 quarts 
• 2 pottles 
2 gallons 
4 pecks 
2 bushek 



1 pottle pot. 

1 gallon gal. 

1 peck pe« 

1 bushel bu. 

1 strike str. 



5 quarters 1 wey or load wey, 

4 bushels 1 coomb co. 

5 pecks 1 bushel water meas. 
10 coombs 1 wey 

2 weys 1 last L, 



Note — ^The diameter of a Winchester bushel is 18| in- 
ches, and its depth 8 inches.— And one gallon by dry meas- 
ure contains 268| cubic inches* 

By this measure, salt, lead, ore, oysters, com, and other 
dry goods are measured. 

ALE AND BEER MEASURE. 



Marked 
2 pints make 1 quart pt9. qts* 
4 quarts 1 gallon gaL 
8. gallons 1 firkhi of Ale fir, 
9 gallons 1 firkin of Beer fir 



Marked 

2 firkins 1 kilderkin kiL 
S kilderkins 1 barrel bar. 

3 kilderkins 1 hogshead hhd. 
3 barrels I'butt butt. 



Note. — ^The ale gallon contains 282 cubic inches. In 
London the ale firkin contains 8 gallons, and the beer firkiii 
9 ; other measures being in the same propprtion. 

WINE MEASURE. , 



Marked 
2 pints make 1 quart pts. qts. 
4 quarts 1 gallon gal. 
42 gallons 1 tierce tier 
63 gallons 1 hogshead hhd. 
84 gallons 1 puncheon pun. 



Marked 
2 hogshead 1 pipe or 

buft . f* ot b. 

2 pipes 1 tun T. 

18 gallons 1 runlet rund, 
31^ gallons 1 barrel bar. 



By this measure, brandy, spirits, perry, cyder, mead, vinr 
egar, and oil are measured. 

Note. — ^231 pubic inches make a gfdUop,.and 10 gallons 
jnake an anchor* 



REDUCTION^ 



si^ 



CLOTH MEASURE. 



Marked 
2^ inches make 1 nail nis* 
4 nails 1 t^uarter qrs. 

4 quarters 1 yard yds. 



Marked 
3 qrs. 1 eU Flemish £11 FL 

5 qrs. 1 ell English Ell Eng. 

6 qrs. 1 ell French EU Fr. 



LONG MEASURE. 



Marked 
S barley corns make 1 



inch 
12 inches 
3 feet 
6 feet 
SJ yards ' 
40 poles 
8 furlongs 
3 miles 



bar. c. in. 
1 foot ft. 

1 yard yd. 
1 fathom fath 
1 pole pol. 
1 furlong fur. 
1 mile mis. 
t league L 



Marked 
60 geographical miles, or 
69^ stsCture miles 1 de- 
gree deg. or • 
360 degrees the circumfer- 
ence of the earth. 
Note. 4 inches make 1 hand. 

5 feet 1 geometrical pace. 

6 points 1 line 
12 Knes 1 inch* 



TIME. 



Marked 
60 seconds make 1 min- 
ute 8. ors' m or ' 
60 minutes 1 hour h. or^ 
24 hours 1 day d. 
7 days 1 week w. 



Marked. 
4 weeks 1 month m* 

13 months, 1 day^and 6 

hours, or 
365 days spd 6 hours, 1 

Julian year T« 



Note 1. The seopnd may be supposd to be divided into 
60 thirds, and these again into 60 fourths, &c* 

Note 2. April. June, September, and November, have 
each .0 days ; each of the other months has 31, except Feb- 
ruary, which has 28 in common years, and 29 in leap years* 



4© KEDUCTION. 

CIRCULAR MOTION. 

I 

60 seconds make 1 minute, marked " 

60 minutes 1 degree ° 

30 degrees 1 sign s 

12 signs, Or 360P 1 circle. 



MM 



NEW FRENCH WEIGHTS AND' MEASURES. . 

The weights and measures in common use are liable to^ 
great uncertainty and inconvenience. There being no fixed 
standard at hand, by which their accuracy can be tested, a 
great varie^ of measures, bearing the same name, has ob- 
tained in different countries. The foot, for instance, is used 
to stand for about thirty different established lengths in the 
different countries of Europe. The several denominadons 
also of weights and measures are arbitrary, and occasion 
most of the trouble and perplexity, that learners meet with 
in mercantile arithmetic. 

To remedy these evils, the French government in 1801 
adopted a new system of weights and measures, the several 
denominations of which proceed in a decimal ratio, and all re- 
ferable to a common permanent standard, £stablished by na- 
ture, and accessible at all places on the earth. This standard is 
a meridian of the earth, which it was found convenient to di- 
vide into 40 million parts. One of these parts is assumed 
as the unity of length, and the basis of the whole system. 
This they called a metre, and is equal to about 39^ English 
inches, of which submultiples and ncijultiples being taken, 
the various denominations of length afi^ormed. 

£nff. Inch. Dec. 
A millimetre ia the lOOOth part of a metre -03937 

A centimetre the 100th part of a metre "39871 

A decimetre the 10th part of a metre , 3*93710 



Deduction. 41 

I* When the reduction is from a greater nanie to a kss. 

RULE.* 

Multiply the highest name or denomination by as many 
lks one makes of the next less, addiiig to the product the parts 
iyf the second liame ; then multiply this sum by as many as 

* The reason of this rule is exceedingly obyious ; for pounds 
are brought into shillings by multiplying them by 30 ; shillings 
into pence by multiplying them by 12 ; and pence into farth* 
ings by multiplying them by 4 ; and the contrary by division ; 
and this will be true in the reduction of numbers^ containing 
any denominations whatever. 

A METRE ' 39-37100 

A decametre • 10 metres 393*7100d 

A Hectometre 100 metres 3937- lOOOO 

A Kilometre 1000 metres 39371-00000 

A myriometre 10000 metres 393710-00000 
A grade or degree of the meridian equal to 

100000 metres, or 100th part of the quadrant. 3937100.00000 

Mis. Fur. Yds. Ft In.De. 
The decametre is ^ « - 10 2 9-7 

The hectometre - - 109 1 i 

The kilometre • « - - 042 13 1 10*3 

The myriometre • • --6115606 
The grade or decimal degree of the 
meridian - - * ^ - 62 I US 2 B 

Measures of capacity. 

A cube, whose side is one tenth of a metre, that is, a cubic 
decimetre, constitutes the unity of measures of capacity. It is 



4a 



REDUCTION. 



one makes of the next less name, adding to the product the 
parts of the third name ; and so on through all the denomi- 
nations to the last. 



called a lUrcj and contains 61*028 cubic inches. 



Eng. Cub. In. Dec. 
- -06103 

- -6 1028 

- 6-10280 

6ia«K)0 

• 610 28000 

6102-80000 

. 61028-00000 



A millilitre or 1000th part of a litre 
A centilitre 100th of a litre 
A decilitre 10th of a litre 
A &Vr(?, a cubic decimetre * - - 
A decalitre 10 litres - - 
A hecatolltre 100 litres . . • 
Akiklltre 1000 litres 
A miry olitre 10000 litres - . - -610280*00000 

The English pint, wine measure^ contains 38*875 cubic 
inches. The litre therefore is 2 pints and nearly one eighth of 
a pint. — 

Hence 
A decalitre is. equal to 2 gal. 64^"^ cubic inches. 
A Hectolitre 26 gal. 4-i^ cubic inches. 
A kilolitre 264 gal. ^^ cubic inches. 

WEIGHTS. 

The unity of weight is a gramme. It is precisely the weight 
of a quantity of pure water, equal to a cubic centimetre, which 
is 100th of a metre, and is, equal to 15*444 gprains troy. 

Gr. Dec. 

A milligramme is 1000th part of a gramme 

A centigramme 100th of a gramme - - - 

A decigramme 1 0th of a gramme - - - 

A gramme; a cubic centimetre 

A decagramme 10 grammes • 

A hectop:ramme 100 grammes 

A kilogramme 1000 grammes 

A myriogramme 1 0000 grammes 



- - 0-0154 

- ^ . 0*1544 

- 1*5444 

- - 15*4440 

- • 15 4* 4*^02 

- - 1544 4023 

15444*0234 

- 154440*2344 
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II; When the reducticn is from a less name to a greater* 

RULE. 

Divide the given number by as many as make one of the 
next superior denomination ; and this quotient again by as 

■™ ■ ' I I ^1 II I——— , III III ■!— —— ^^^i^— — ^— ^»|— ■ I „ 

A gramme being equal to 15*444 gruins troy. 

A decagramme 6 dwt, 10 44 gr. equal to 5' 6 5 drams ayoiiv- 

dupois. 

lb. oz. dr. 

Ah|||ogram equal to - *- 3 8*5 avoird. 

A kilogram - - ^ - -235 avoird. 

A myriogram - - - - -22115 avoird. 

100 myriograms make a tun, wanting 32 lb. 8 oz. 

LAND MEASURE. 

The unity is an are^ which is a square decametre, equal to 
3*95 perches. The deciare is a tenth of the are— the. cen- 
tiare is 100th of an are, and equal to a square metre. The mil- 
liare is 1000 th of the are. The deciare is equal to 10 ares; 
the hectare to 100 ares, and equal to 2 acres 1 Vood 35*4 perch- ' 
es English* The kilare is equal to 1000 ares, the myriare to 
10000 ares. 

For fire-wood the 9tere is the unity of measure. It is equal 

to a cubic metre, containing 35*3171 cubic feet English* The 

decestere is the tenth of a stere. « 

The quadrant of the circle generally is divided like the 

fourth part of the meridian, into 100 degrees, each degree mui 

100 minutes aodeacli minute into 100 seconds, S^c. so that the 

same number, which expresses a portion of the merjdi^^ indi» 

cates also ks length, which is agreait convenience in uavigatiotQ. 

The coin also is comprehended in this sy^em, and made Jbo 

conform to their unity of weight. The weight of the Franc^ 

of which one tenth is alloy, is ^xed at five grammes ; its tenth 

part is called decime^ its hundredth part centime. 

The divisions of time soon after the adoption of the above 
undei^went a similar alteration. 
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44 REDUCTION. 

xnany s^ make one of the next following ; and so on through 
all the denominations to the highest ; and this last quotient^ 
together with the several remainders, will be the answer rjCr 
quired. . 

The method o£ proof is by reversing the question* 

EXAMPLES* 

1. In 14651. 146. 5d* how many farthings i 
20 4)14C7092 



29314 12)35 irr3 

12 ' ' 



351773 



2,0)2931,4 5 



4 ^ Proof 14651. 14s. 5d. 



1407092 the answer. 

2. In 12L how max^y farthii^? Ans. 11520. 

3. In 6169 pence how msmy pounds ? n^ 

Ans. 251* 14s. Id. 

4. In 35 gmneas how many farthings i 

Ans. 47040* 






The year was made to consist of 12 months of 30 day^each, 
and the excess of 5 days in common and 6 in leap years was 
considered as belonging to fto month. Each month was divid* 
^d into three parts, called decades. The day was divided into 
10 hours, each hour into 100 minutes, and each minute into 100 
seconds. This neW calendar was adopted in 1793 ; in 1805 it 
was abolished, and the old calendar restored. The weights and 
measures are still in use, and will probably soon prevail througlt- 
out the continent of Europe. They are recommended to the 
attention of every civilized country ;,and their general adoption 
would prove of no small importance to the scientific^ as well a| 
to the commercial world. 
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p. In 420 quarter guineas how many moidores t 

* Ans. 81|. 
6. In 231L 16s» how many ducats at 4s. 9d« each ? 

Ans. 976*^ 
7* In 274 marks, ^ch 17s* 9d« and 87 nobles, each 8s. 
lid. how many pounds ? Ans. 2811. 19s. Sd. 

8. In 1776 quarter guineas how many six penees ? 

.. ' ^-ns. 24864. 

"^ 9. Reduce 1 776 six and thirties to half-crowns sterling. 

^^ Ans. 2d574|. 

^lO. In 50807 moidores how many peices of coin, each 

^ 4s. 6d. ? . Ans. 406456, 

11. In 213210 grains how many lb. \ 

^ Ans. 371b. 3dwt. 18gr. 

12. In 59lb. 13dwts. 5gr. how niany grains ? 

Ans. 340157. 
J 3. In 8012131 grains how many lb. ? 

Ans. l'3^1b. lloz. 18dwts. 19grs. 

14. In ZS tons, 17cwt. Iqr. 23lb. 7o7. 13dr. how many 
drams ? Ans. 20571005. 

15. In 37cwt. 2qr. 17lb. how many pounds Troy, a pound 
Avoirdupois being equal to 14oz. lldwu 15^grs. Troy? 

Ans. 51241b. 5pz. lOdwt. ll^grs. 

16. How many barley costis will reach ^ound the world, 
supposing it, according to ihe best calculation, to be 8340 
leagues t Ans. 4755801600. 

17. In 17 pieces of cloth, each 27 Flemish ells, how. many 
yards? Ans. 344yds. Iqr. 

18. How many minutes were, there from the birth of 
Christ to the year 1776, allowing the year to consist of 
965d. S\u 48' 58" ? ' Ans. 934085304' 48". 
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44 COMPOUND ADDITION. 



COMPOUND ADDITION. 

Compound Addition teaches to collect several numbers of 
different denominations into one sum. 

RULE.* 

1. IMace the numbers so, that those of the same denomina- 
tion may stand directly under each other, and draw a line 
under them. 




2. Add the figures in the lowest denomination, and find 
how many ones of the next higher denomination are con* 
tained in their sum. ^ 

3. Write the remainder, and carry the ones to the next 
denomination ; with which proceed as before ; and so on 
through all the denominations to the highest, whose sum 
must be all written ; and this sum, together with thfe several 
remainders, is the whole sum required. 

The method of proof is the same as in Simple Addition. 



* The reason of this rule is evident from what has been said 
in Simple Addition ; for, in addition of money, as 1 in the pence 
is equal to 4 in the farthings; 1 in the shillings, to 12 in the 
pence ; and 1 in the pounds^ to 20 in the shillings ; therefore, 
carrying as directed, is nothing more than providing a method 
of digesting the money, arising from each column, properly in 
the scale of denominations ; and this reasoning will hold good 
in the addidon of compound numbers of any descripdon what* 
ever. 



COMPOUND ADDITION. kt 

4 

EXAMPLES* 

MONET. 

£• s» d. £• s* d. £• s* d« 

ir 13 4 ' 84 ir S\ 173 10 10 



13 


10 


2 


75 


13 


-i 


107 


13 


111 


10 


17 


3 


51 


17 


8i 


89 


18 


10 


^8 


8 


7 


20 


10 


lOi 


75 


12 


H 


- f 
3 


3 


4 


17 


15 


41 


3 


3 


3| 




8 


8 


10 


10 


11 


1 




1 


54 


1 


4 


261 


• 


8i 


452 


19 


2i 


36 


8 





176 


8 


2| 


277 


8 


H 


54 


1 


4 


261 


5 


8i 


452 


19 


.21 



TROY WEIGHT. 



lb. 6z. 


dwt. 


gr- 


lb. 


oz. 


dwt. 


gr- 


lb. 


oz. 


dwt. gr» 


17 3 


15 


11 


14 


10 


13 


20 


27 


10 


17 18 


13 2 


13 


13 


13 


10 


18 


21 


17 


10 


13 13 


15 3 


14 


14 


14 


10 


10 


10 


13 


11 


13 1 


13 10 






10 


1 


2 


3 


10 


1 


2 


12 1 




17 


1 


4 


4 


4 


4 


4 


3 3, 


\ 


13 


14 




1 


19 




2 


1 


1 



4i COMPOUND SUBTRACTION. 

AVOIRDUPOIS WEIGHT. 

ewL qr. lb. oz. dr. T. cwt. qr. lb. oz. dr. T. cwt. qr. \hf. oz. dt^ 

15 2 15 15 15 2 ir 3 13 8 r 3 13 2 10 7 7 

13 2 17 T3 14 2 13 3 14 8 8 2 14 1 17 6 6 

12 2 13 14 14 1 16 10 5 4 17 14 6 

10 1 17 15 2 13 17 2 13 12 7 T 

12 1 10 10 1 14 1 1 2 2 3 13 10 4 4 

10 112 17 4 16 1775 5 2 12 83 



LONG MEASURE. 

Mb. fUr. pol. yd. ft. in. Mls» fixr. pol. yd ft in. MU. fiir. pol yd. ft in. 

37 3 14 2 1 5 28 2 13 1 1 4 28 3 7 2 7 

28 4 17 3 2 10 39 1 17 2 2 10 30. 1 7 

17 4 4 3 1 2 28 1 14 2 2 27 6 30 2 2 

10 5 6 3 1 7 48 1 17 2 2 7 7 6 20 2 1 

S9 2 2 2 3 37 1 29 3 5 2 2 10 

30 4 2 2 20 2 1 7 10 2 2 



COMPOUND SUBTRACTION. 

Gompound Subtraction teaches to find the difference of any 
two numbers of different denominations. 



• 



COMPOUND SUBTRACTION. « 

RULE,* 

1. Place the less number under the greater so, that those 
parts, which ai^e of the same denomination, may stand di- 
rectly under each other, and draw a line under them* 

2. Beginning at the right, take the number in each denom- 
ination of the lower line from the number in, the same de- 
nomination over it, and set the remainders in a line under 
them* 

3. But if the lower number be greater than that above it, 
increase the upper number by as many as make one of the 
next higher denomination, and from this sum take the lower 
number and set the remainder as before. 

4. C9xry one for the aum||er borrowed to the nesU number 
in the lower line* and subtract as before : and so on, till the 
whole is finished ; and all the several remainders, taken to- 
gether as one number, will be the whole difference requir- 
ed. 

The metho4«f proof is the same as in Simple Subtraction. 

EXAMPLES. 

* 

MONEY. 

£• s« d. ^* s. A» j^« s. d* 

From 275 13 4 454 14 2| 274 14 2l 
Take 176 16 6 276 17 5^ 85 15 7| 

mmmm^mmmmmmi^^^^^t^m ■■■■MBi^Bs^^^i^^MaaiBl ^m^mmmmm^^tmim^^mmm^m 

Rem. 98 16 10 177 16 9^ 188 18 6J 
Proof 275 13 4 454 14 2| 374 14 2i 



* 
* 



* The reason of this rule will readily appear from what has 
been said in Simple Subtraction ; for the borrowing depends up- 
on the very same principle, and is only diflferent, as the numbers 

to be subtracted are of different denominations. 

7 



46 COMPOUND SUBTRACTION. 

TROY WEIGHT. 

* 

lb. oz» dwt. gr« lb; oZir dwt. gr. lb. oz. dwt* gr. 
Prom 7 3 14 11 27 2 10 2D 29 3 14 5 
Take 3 7 15 20 20 3 5 21 20 7 15 7 



AVOIRDUPOIS WEIGHT. 

cwt« qr.Ib.oz.dr. cwt«qr.Ib.oz.dr. cwt, qr. lb* oz .dr. 
From 5 17 5 9 22 2 13 4 8 21 1 7 6 13 
Takje 3 3 21 l 7 20 1 17 6 6 13 8 8 14 



« 



LONG MEASURE, 

MIb. fur. poL yd. ft in. M][s. fur. pol. yd. ft in. Mlsfrdr. pol. yd. ft is 

Fr. 14 3 17 1 2 1 70 7 13 1 1 2 70 3 10 3 

Ta.10 7 eO 2 10 20 14 2 2 7 17 3 11 1 1 7 











• 




4 


m* w* d* h« 

From 17 2 5 J7 26 
Take 10 18 18 


TIME. 

m* w* d* h* 
37 1 IS 1 
15 2 -15 14 


m*w«d«']b* 
71 5 
17 5 5 7 


Rem. 


■ 






Proof 


* 




\ 



w 






COMPOUND MULTIPUCATION. M 

COMPOUND MULTIPLICATION. 

Compotmd^Multiplicatian teaches to £nd th« amount of 
any given number of different denominations by repeating it 
any proposed number of times* 

RtJLE,* 

1. Place the multiplier under the lowest denomination of 
the multiplicand. 

2* Multiply the number of the lowest denomination by the 
multiplier, find how many ones of the next higher denomi- 
nation are contained in the product. 

3. Write the excess, and carry the ones to the product of 
the next higher denomination, with which proceed as before ; 
and so on through all the denominations to the highest, 
whose product, together with the several excesses, taken 33 
one number, will be the whole amount required. 

The method of proof is the same as in Simple Multiplica^ 
tion. 

EXAMPLES OF MONEf* 

1. 9lb. of tobacco, at 2s. 8^d. per lb« 

2s. S^d. 



11. 4s. 4|. the answer. 



* The product of a number, consisting of several parts or de- 
nominations, by any simple number whatever^ will evidently be 
expressed by taking the product of that simple number and each 
part by itself, as so many distinct questions ; thus, 351. 13s 6d, 
multiplied by 9 will be 2251. 108s. 54d.=*(by Jtaking the shillings 
from the pence, and the pounds from the shillings, and placing 
them in the shillings and pounds respectively) 3301. 12s. 6d. 
which is agreeable to the rule ; and this will be true, when thiy 
multiplicand is any compound number whatever. 



S3 COMPOUND MULTIPLICATION. 

2. dlb« ok green tea, stt 9s* 6d. per pound. 

Ans. IL 8s« 6d. 
3* 5lb* of loaf sugar, at Is. 3d. per lb. 

Ans. 6L 3s. 

4. 9cwt. of cheese, at ll. lis. 5d. per cwt. 

Ans. 141. 2s. 9d. 

5. 12 gallons of brandy, at 9s. 6d. per gallon. 

_ * Ans. 5l. 14s. 

CASE 1. 

If the multiplier exceed 12, multiply successively by its 
component parts, instead of the whole number at once, as in 
Simple Multiplication. 

EXAMPLES. 

1. 16cwt. of cheese at ll. 18s. 8d. per cwt» 
11. 18s. 8d. 
4 



r 14 8 
4 



£SQ0 * i8 8 the answer. 

2. 28 yards of broad clodi, at 19si. 4d. per yard. 

Ans. 271. Is. 4d. 

3. "96 quarters of rye, at ll. 3s. 4d. per quarter. 

Ans. 1121. 

4. 120 dozen of candles, at 5s. 9d. per doz. 

Ans. 34b lOs. 

5. 132 yards of Irish cloth, at 2s. 4d. per yard. 

Ans. 15L 8s. 

&• 144 reams of paper, at 13s. 4d. per ream* ^ 

Ans. 96L 



; COIVIPOUND MULTIPLICATION. 53 

CASE 2. 

If the multiplier caniiot be produced by the multtplicatiGn of 
small numbers^ find the product of such numbers nearest to 
it, either greater or less, then multiply by the component parts 
as before ; and for the odd parts, add or subtract as the case 
requires. 

EXAMPLES. 

1*17 ells of holland,at 7s« 8^d« per elL 
7s. 8|d. 
4 



1 


10 


10 

4 


6 


3 


4 




7 


8i 



jf 6 1 1 0^ the answer. 

2. 23 ells of dowlas, at Is. 6|d. per ell. 

Ans. 11. '15s. 5|d. 

3. 46 bushels of wheat, at 4s. 7^d. per bushel. 

^ Ans. lOl. lis. 9|d. 

4. 59 yards of tabby, at T^s. lOd. per yard. 

Ans. 231. 2s. 2d. 

5. 94 pair of silk stockings, at 12s* 2d. per pair. 

Ans. 571. 3s. 8d^ 

6. 117 cwt. of Malaga raisins, at ll. 2s. 3d. per cwt. 

Ans. 1301. 3s. 3d. 

EXAMPLES OF WEIGIi2»^KD MEASURES. 



lb. oz. dwt gr. lb. oz. dr sc. gr. cwt. qr. lb. oz. mis. fur. pis. yd. 
21 1 7 13 2 4 2 10 27 1 13 12 24 3 20 2 
4 7 12 6. 



S4 COMPOUND DIVISION. 

COMPOUND DIVISION. 

Compound Division teaches \o find how often one number 
& contained in another of different denominations* 



RULE. 



* ^ 



1* Place the numbers as in Simple Division. 

2. Beginning at the kft, divide each denomination by the 
divisor, setting the quotients under their respective dividends. 

3. But if there be a remainder after dividing any of the 
denominations except the least, reduce it to the next lower 
denomination, and add to it any number, which may be in 
that denomination ; then divide the sum as .usual ; and so 
on till the whole is finished. 

The method of proof is the same as in Simple Division. 

EXAMPLES OF MONEY. 

1. Divide 2251. 2s. 4d. by 2. 
2)2251. 2s. 4d. 

1121. lis. 2d. the quotient. 
2. Divide 7511. 14s. 7|d. by 3. Ans. 250l. lis. G^d. 

* To divide a number, consisting of several denomination s« 
by any slmplp number whatever, is evidently the same as divid* 
ing all the parts or members, of which that number is composed, 
by the same simple numbers. And this will be true, when ^nj 
of the parts are not an exact multiple of the divisor ; for by con- 
ceiving the number, by which it exceeds that multiple, to have 
its proper value by being placed in the next lower denomination^ 
the dividend will still be divided into parts, and the true quotient 
found as before ; thus 25l. 12s. Sd. divided bv 9, will be the 
same as 181. 144s. 99d. divided by 9, which is equal to 21. 16s. 
1 Id. as by the rule ; and the method of carrying from one de* 
nomination to another is exactly the same. 
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5. Divide 821L 17s. 9|d. by 4. Ans. 2051, 9s. 5^(1. 

4. Divide 28L 2s. l^A by 6. Ans. 41. 138. 8|di 

5. Divide 1351. 10s. 7d. by 9. Ans. 15l. Is. 2d. 

6. Divide 227L 10s. 5d. by 1 1. Ans. 20L 138. 8d» 



I. 



CASE 1. 

If the divisor exceed 12, divide continually by its compOr- 
aent paru, as in Simple Division. 



EXAMPLES. 



1. What is cheese per cwt. if 16 cwU cost dOl. ISs. Sd* ? 
4)30L 18s. 8d. 

4)7 14 8 



^1 18 8 the^ answer. 

2. If 20cwt. of tobacco come to 120L 10s. what is that per 
cwt. i Ans. 6L .6d. 

3. Divide 57L 3s. 7d. by 35. 

Ans. 11. 12s. 8d. 

4. Divide 85l. 6s. by 72. 

Ans. 11. 3s. 8|d. 

5. Divide 311. 2s. 10|d. by 99. 

Ans. 6s. 3|^d. 

6. At 18L 18s. per cwt. how much per lb. ? 

Ans. 3s. 4id. 



CASE 2. 



If the divisor cannot be produced by the multiplication of 
^mall numbers^ divide by Long Division* 
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EXAMPLES. 

1. Divide r4L ISs. 6<L by ir. 
17)74, 13 6 (4 r 10 
68 

6 
20 

13S 
119 

14 
12 



174 
17 



• 4 

2. Divide 231. 15s. 7id. b^ 37. Ans. 12s« lOjd. 

3. Divide 3151. 3s. lO^d. by 365. Ans. 178. 3jd. 



, EXAMPLES OF WEIGHTS AND MEASURES. 

1. Divide 23lb. 7oz. 6dwt. 12gr. by 7. 

Ans. 3lb. 4oz. 9dwt. 12gr. 

2. Divide 13lb. loz. 2dr. lOgr. by 12. 

Ans. lib. loz. 2sc. lOgr. 

3." Divide lOGlcwt. 2qrs. by 28. 

Ans. 37cwt. 3qrs. 18lb. 
4. Divide 375mls. 2fmr. 7pls. 2yds. 1ft. 2in. by 39. 

a 

Ans. 9mls. 4fur. 39pls* 2ft. 8in. 
5r. Divide 120L. 2qrs. Ibu. 2pe. by 74. 

Ans. IL. 6qrs. Ibu. 3pe. 
6. Divide 120mo. 2w. 3d. 5h. 20' by 111. 

Ans. Imo. 2d. lOh. 12'. 
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t 

DUODECIMALS. 

Duodecimals are so c^lWd because they^ decrease by 
twelves, from the^ place of feet towards the right. Inches 
are somedmes called primes, and are marked thus ' ; the 
next division, after inches, is called parts, or seconds, and is 
marked thus ^ ; the next is ^Air^;9,and marked thus '" , and 
so on. 

Duodecimals are commonly us^d by workmen and artifi- 
cers in finding the contents of their work. 

MULTIPLICATION OF DUODECMALS ; 
OR, CAOSS MULTIPLICATION. 

1. Under the multiplicand write the same names or de- 
nominations of the muUrplier, that is, feet under feet, inches 
under inches, &c. 

2. Multiply each term in the multiplicand, beginning at 
the lowest, by the feet in the multiplier, and write each re- 
sult upder its respective term, observing to carry an unit 
for every 12, from each lower denomination to its next su- 
perior. 

3. In the same manner multiply every term in the multi- 
plicand by the inches in the multiplier, and set the result of 
each term one place father toward the right of those in the 
multiplicand. 

4. Proceed in like manner with the seconds ind all the 
rest of the denominations, if there be any more; and the 
suni of all the lines will be the product required. 

Or the denominations of the several products will be as 
follow : 

Fe€t by feet give feet. 
Feet by primes give prime#. 
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Feet by seconds give secondly 

&c. 
Primes by primes give seconds^ 
Primes by seconds give thiids. 
Primes by thirds give fourtiis, 

&c. 
Seconds by seconds give fourths* 
Seconds by thirds ^ve fifths. 
Seconds by fourths give sixdis, 

&c. 
Thirds by thirds give sixths* 
Thirds by fourths give sevenths. 
. Thirds bv fifths give eights, 
&c« 
In general thus ; 
Whexv feet are concerned, the product is of the same de- 
nomination with the term multiplying the feet. 

When feet are not concerned, the name of the product 
will be expressed by the sum of the indices of the two fac- 
tors, or of the strokes over them. 

XXAMPLES. ' 

1. Multiply IQf. 4' 5" by 7i. 8' 6''. 

7 8 6 

72 6 11 
6 10 U 4 
5 2 2 6 



79 11 6 6 Answer. 



2. Multiply 4f. 7' by 6f. 4' O". Ans. 29f. 0^ AT. 

3. Multiply 14f. 9' by 4f. 6'. Ans. 66f. 4' 6". 

4. Multiply 4£ 7' 8" by 9£. 6'. Ans. 44f. O' 10". 
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3. Multiply 7f. 8' 6" by lOf. 4' 5." 

Ans. 79f. ll'(y'6'''6iv. 
a. Multiply 3&f. l(y 7" by 18f. 8' 4"; 

Am, 745f. 6' Itf ' 2'" 4iT- 

7» Multiply 44f. 2' 9^' 2'" 4iv. by 2f. 1(/ 3", 

Ans. 126f. 2' 10"' 8'" lOiv. llv- 

8. Multiply 24f. K^ B" f" 5iv. by 9f. 4' 6". 

Ans. 233f. 4' S" 9'" 6iv. 4^. 6VL 

9. Required the content of a floor 48f. 6' long, and 24f. 

2! broad. 

Ans. 1176f. 1'6". 

10. What is the content of a marble slab, whose length is 

Hi. 1\ and breadth If. 10' ? 

Ans. lOf. 2' 10". 

11. Required the content of a ceiling, which is 43f. 3' 

long, and 25f. 6' broad. 

Ans. 1102f. 10" 6". 

12. The length of a room being 20f. its breadth 14f. ^^ 
and height lOf. A! \ how many yards of painting are in it^ 
deducting a (ire place of 4f. by 4f. 4', and two windows^ 
each 6f. by 3f. 2' ? ^ Ans. 7^^^ y^r^s* 

13. Rt-quired the fiolid content of a w^ll 5df. 6' long,^|fi& v 
%' hi^, and 2f. thick* Ans. 131Qf. 9^. 



\« 



VULGAR FRACTIONS. 

1. Fractions are expressions for parts of an integer cnr 
whole. Vulgar Fractians are represented by two numbers^ 
placed one above the other, with a liile between them. 

2. The number above the line is called ih^ numerator f 
and that below the line, the denominator* ■ 

The denominator shon^ .how many psuts the integer is 
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divided into ; and the nuiQerator shows how many of those 
parts are contained in the fraction. 

3. A proper fraction is one, whose numerator is less than 
the denominator ; as |^ 4, ^, &c* 

4. An improper fraction is one, whose numerator exceeds 
the denominator; as-f, y^?, &c. 

5. A single fraction is a simple expression for aiqr num- 
ber of parts of the integer. 

6. * A compound fraction is the fraction of a fraction ; as 

1 ftf « • of * for- 

7* A mixed number is composed of a whole number and 
a fraction ; as 8|, IT'-/-^, &c. 

Note— Any whole number may be expressed like a frac- 
tion by writing 1 under it ; as 4* 

8. The common measure of two or more numbers i^ that 
number, which wiU divide each of them without a remain- 
der. Thus 3 is the common measure of 12 and 15 ; and 
the greatest, number, that will do this, is called the greatest 
common meast^re. 

9. A number, which can be measured by two or more 
numbers, is called their common multiple; and if it be the 
least number, which can be so measured, it is cailed« their 
least common multiple ; thus 30, 45, 60, and 75, are multi- 
ples of 3 and 5 ; but their least common multiple is 15.^ 



* K prime number is that, which can only be measured by an 
unit. 

That number, which is produced by multiplying several 
numbers together, is called a comfiosite number, 

Afierfect number is equal to the sum of all its aliquot part. 

The following perfect numbers are taken from th^ Peters- 
burgh acts, and are all, that are known ^t present. 
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PROBLEM 1* 

Tojind the greatest common measure of two or more numbers. 

RULE.* 

I* 

1. If there be two numbers only, divide the greater by the 
less, and this divisor by the remainder, and so on till nothing 

6 

28 

496 

8128 

33550336 

8589869056 

137438691328 

S^0^43^00&1 39^52^ 28 

^41785 1^639^228^ 58^37,784^576 

9^90^20^3 1 ^28297 1 830,4 4^8 1 6^ 28 
There are several other numbers, which have received dif^ 
ferent denominations, but they are principally of use in Alge« 
bra, and the higher parts of mathematics. 

* The truth orthe rule may be sL wn from the first exam- 
ple.— 'For since 54 measures 108, it a.so measures 108 +54, or 
162. 

Again, since 54 measures 108, aild 162, it also measures 
5 X 1624: ^08, or 9 18. In the same manner it will be found to 
measure 2x9 18:+ 162, or 1998, and so on. Therefore ^4 meas- 
ures both 918 and 1998. }''' 

It is also the greatest common measure ; for suppose there 
be a greater, then since the greater measures 918 and 1998, 
it also measures the remainder 162 ; and since it measures 162 
and 918, it also measures the remainder 1 08 ; in the same 

« 

manner it will be found to measure the remainder 54 ; that is, 
the greater measures the less, which is abstird. Therefere 54 
is the greatest common measure. 

In the very same manner, the demonstration may be applied 
to 3 or more ntuj^rs. 



t 
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remains, always dividing the last divisor by the last remaim* 
der ; then will the last divisor be the greatest common meas* 

we required* 

2. When there are more than two numbers, find the 
greatest common measure of two ofvthem as before ; and of 
that common measure and one of the other numbers ; then 
urill the greatest common measure, last found, be the an- 
swer* 

3. If 1 happen to be the common measure, the given num- 
bers are prime to each other, and found to be incommeas- 

f m 

urable. 



EXAMPLES. 

1. Required the greatest common measure of 918, 1998, 
and 522. 

91 8) 1 998(2 So 54 is the greatest common measure 

1836 of 1998 and 918. 

Hence 54)522(9 

162)918(5 486 
810 



108)162(1 
108 



^6)54(1 
36 



^ 



54)108(2 
108 



18)36(2 
36 



/ 



Therefore 18 is the answer required* 

2. What is the greatest common ineasure of 612 and 
540 ? • Ans. »>6, 

3. What is the greatest common measure of 720, 336, 
and 1736? Ans. 8* 
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PROBLEM 2. 



Itojind the least common multiple of tj^o or more numbers* 

RULE.* 



I" 



1. If there be only two numbers, divide their product by 
their greatest commop measure ; and the quotient Mrill be 
their least common multiple. 

2. When there are more than two numbers, find the least 
common multiple of two of them as before ; and of that 
common multiple and one of the other numbers ; and so on 
through all the numbers to the last ; then will the least 
•ommon muitipte, last found, be the answer. 

3. If the numbers be prime to each other, their product 
is their last common multiple. 

EXAMPLEff. 

1. What b the least common multiple of 3, 5, 8, and 10 i 

3 

* 

S 

15 the least common multiple of 3 and 5. 
8 

120 the least common multiple of 3, 5, and 8. 
10 10)1200(120, hence 10 is the 



10)1200(120 the answer. greatest common 

measure of lir & 

1200. 

a * ■ .1 ■ ■ ■ ' ■ 

* The truth of this rule may in some measure be seen, by an 
examinadon of the first example. • It may be easily ascertain- 
ed that 15 is the least number, that can be divided by 3 and 5 
without a remainder; and that 130 is the least number, that 
can be divided by 3, 5, and 8 without a remainder ; but thi^ 
can also be divided by 10 without a remainder; therefore 120 
appears to be the least common multiple of 3> ^, 8, and It. 
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2. What is the least common multiple of 4 and 6 ? 

s Ans. 12. 

3. What is the i^^t number, that 3, 4, 8, and 12 will 
measure ?^ * Ans. 24. 

4. WHiit 18 die least number, that can be divided by the 
Bine digits without a remainder? Ans* 2520» 

REDUCTION OF VULGAR FRACTIONS. 

Reduction of Vulgar Fractions is the bringing them out 
of one form into another, in order to prepare them for the 
operations of Addition, Subtraction, &c. 

CASE 1. 

To abbreviate or reduce fractions to their hwest terms* 

RULE.* 

« 

Divide- the terms of the given fraction by any number, 
that will divide them without a remainder, and these quo- 



* That diyiding both the terms of the fraction equally by 
any number whatever will give another fraction, equal to the 
former, is evident. And if those divisions be performed as of- 
ten as can be done, or the common divisor be the ^eatest pos- 
sible, the terms of the resulting fraction must be the least pos- 
sible. 

IboTE 1. Any number, ending with an even number or a 
cypher, is divisible by 3.' 

3. Any number, ending with 5 or 0, is divisible by 5. 

3. If the first place of any number on the right be 0, the 
whole is divisible by 10. 

4. If the first two figures on the right of any number be di- 
visible by 4, the whole is divisible by 4. 

5. If th€^ first three figures on the right hand of any number 
be divisible by 8 the whole is divisible by 8. 
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fients again in the same manner ; and so on till it appears, 
that there is no number greater than 1^ which Will divide 
them, and the fraction will be in its lowest terms. 

Or, 
Divide both the terms of the fraction bytiieir greatest 
common measure, and the quotients will be the terms of the 
fraction required* 

« 

EXAMPLES* 

' S« Reduce 4I7 to its lowest terms* 

(2) (2) (3) (2) (2) 
4tv^tjt— w— ¥U— TT— T> *"^ gnawer* 
Or thus: 
144)240(1 
144 

96)144(1 
96 

48)96(2 
96 



mmtm^t 



6. If the 8um|>f the digits, constituting any number, be divi* 
sible by S, or 9, the whole is divisible 1^ 3, or 9. 

^. All prime numbers, except 2 and 5, have 1,3,/, or 9, m 
the place of units ; and all other numbers are composite. 

8. When numbers, with the sign of Addition pr Subtraction 
between them, are to be divided by an^ number, each of the 

numbers must be divided. Thus .JILit — saeS-f 4+5sxl 1. 

.9 . But if the numbers have the sigh of Multiplication between 
them, only one of them must be divided. Thus ■. ^ 



2X6 



3X4 X10 1X4X10 1X2X10 ^0_^n 
' 1X6""** 1X3 ** IXI ""l"" ' 

9 
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• 

Therfefm-e 48 'n the grtiaiieat comitK^ measure, and 
48)444^* the same as before. 

2* Reduce jj^ to its least terms. Ans. ^« 

3* Reduce -J^t ^^ ^^ lowest terms* Ans. ^^ 

4b Bring |.|^ to its lowest ferms. Ans. f ^. 

5. Reduce ff} to its least terms. Ans. -f^. 

6* Reduce ^^^ to its least terms. Ans. |. 

7* Reduce yttt ^^ ^^ lowest terms. Ans. -J-* 

8* Abbreviate ^VtVVtA ^ much as possible. 

Ans. iiV^V- 

CASE 2. 

To reduce a mixed number to its eyuivaknt improper fractioru 

RULE.* 

Multiply the whole number by the denominator of the 
fraction, and add the numerator to the product, then that 
sum written above the denominator wiU form the fraction 
required. 

EXAMPLES. 

1. Reduce 27f to its equivalent improper fraction^: * 

27 

243 
* 245 



■AhWMi^ 



* All fracdons represent a division of the numerator by the 
denominator, and are taken altogether as proper and adequate 
expressions for the quodent. Thus the quotient of 2 divided 
by 3 is f ; whence the rule is manifest ; for if any number be 
multiplied and divided by the satne number, it is evident the 
quodent must be the same as the quantity first given^ 
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Or £I±±!f .^l|« the answer. 

3. Reduce 183^ to its equivalent impn^yer fractioa. 

Ans. ^1^ 

3. Reduce SlA^j to an improper fraction* Ans. -^^ff^ 

4f Reduce 10< •}! to an improper fraction. Ans. 4j^* 

5. Reduce 47-||^l to an improper fr^tion. 

Ans.iHI«. 

CASE 3* 

To reduce an improper fraction to its equivalent whgk or 

mixed number* 

]lUL£.f 

Divide the numerator by the denominator, smd the quo- 
tient will be the whole or mixed number required. 

U Reduce \y to its equivalent whole or mixed number* 

16)981(61^V 
96 

21 
16 

5 

Or, 

\y =98 l-r-l 6=6 1 /y the answer. 

2. Reduce Y to its equivalent whole or mixed number. 

Atts. r.^ 

3. Reduce ^^f y- to its equivalent whole or mixed num* 
ber. Ans. 56^|. 

* This rule is plsdnly the reverse of the fonper, and ha» it$ 
feAsoi^ in th^ nature of common division* 



' 
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4. Reduce ^l^^ to its equivalent whole or mixed num* 
ber. Ans. 183,^^* 

5* Reduce Umi to its equivalent whole or mixed num-? 
ben Ans. 1209|||. 

CASE V. (f 

To reduce a whole number to an equivalent fraction^ having' 
' a given denominator* 

^ RULE,* 

Multiply the whole number by the given*"denominator, 
fmd place the product over the said denominator, and it 
will form the fraction required. 

EXAMPLES* 

!• Reduce !r tp a f|actio^, whose denominator shall be 9. 

f X9=63, arid f-^ the answer. 
And y =63-r-9=r the proof. 

2. Reduce IS to a fraction, whose denominator shall be 
%2. Ans. »^*, 'i 

3. Reduce 100 to a fraction, whose denominator shall be 
00. . Ans. i|Jl, 

CASE S, 

S 



To reduce a compound fraction to an equivalent single one. 

* ' ' ' I ' .' * ' 

^pLE-t 

lif ultiply aU the numerators together for a numerator, 
and all the denominators together for a denominator, and 
they w^U form the single fraction required. 



* Multiplication ai^d Division ari^ here equally used, and con- 
ttpquently tjie result is the same as thp quandty first proposed^ 

t That a compound fraction may be represented by a single 
one is eyident, since a part of a part must be equal to some part 

of the whbljB. The truth of the rule for this reducti<»i may be 

' • . . •. ( • . ._ .-...•. . , f -< 

^own as follows ; 
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If part of the compound fraction be a whole or mixed 
number, it must be reduced to a fraction by one of the for* 
*mer cases* 

When it can be done, divide any two terms of the frac- 
tion by the same number, and use the quotients instead 
thereof. 

EXAMPLES. 

1. Reduce f of ^ of 4 of -^j to a single fractiQn. 

2X3X4^X8 _ 192_ 16 
3x4x ^ X 1 1 "" 660"" 55 
Or, 

i><»><*^=x| a. before. 

^m Reduce ^ of 4 of ^ to a single fraction. Ans. ^ 

3. Reduce ^ of f of f of -^j to a single fraction. 

Ans. ^^« 

4. Reduce \l of :^-^ of f\ of 10 to a single fraction. 

Ana- tB49 
CASE 6. 

• To reduce fractions of different denominators to equivalent 
fracttonsy having a common denominator. 

RULE 1.* 

Multiply each numerator into all the denominators, ex- 

^^—— ■ . . ' — ■ |-^T-- ■■ r — nrmi — . 

Let the compound fraction to be reduced be f off* Then \ 
of f srf-s-Ss^'^, and consequently | of f ss^^x^aBi^^, the same 
as by the rule, and the like will be found to be tnie in all cases. 

If the compound fraction consist of more numbers than 3, 
the first two may be reduced to one, vad that one and the third 
will be the same as the fraction of two numbers } and so on. 

f By placing the numbers muldplied properly under one i&i* 
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cept its own, for a new numerator ; and all the denosnina- 
tors continually for the common denominator* 

EXAMPLES. 

U Reduce ^, |, and ^ to equivalent fractions, having a 

common denominator. 

« 

1X5X7=35 the new numerator for | 
3X2X7=42 do. for I 

4X2Xi»=40 do. for 4 

2X5x7=70 the common denominator. 
Therefore the new equivalent fractions are f f , ^f, and 
4^, the answer. ^ 

2. Reduce |, f , f, and ^ to fractions, having a common 
denominator. Ans. ^$|, Hi, }4^, |4f, 

3. Reduce I, | of ^i 5^, and -^ to a common demomi- 

nafnr. Ans Ko 3^* SlSf to 

f*»*0^* Ans. yijy, -yTT* TTV '' TTir* 

4. ^Reduce -J-t) ^ of 1^, i>j, and ^ to a common denomi* 
"•'Or. Ans. xTrrv TTirrt* twit) ttvtt* 

RULE 2. 

To reduce any given fractions to others^ which shall have the 

least common denominator* 

1. Find the least common multiple of all the dehomina- 

Other, it yr\\l be seen, that the numerator and denominator of 
every fraction are muldplied by the very same number and con« 
sequently their values are not altered. Thus in the first ex- 
ample : 



XSX7 S 



X5X7 5 



X2X7 4 



X2X5 
X2X5 
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X^X7 7 
In the 2d rule, the common denominator is a multiple of all 
the denominators, and consequently will divide by any of them ; f 

it is therefore manifest that proper parts tnay be taken for a^ 
the numerators required* ' 



- 4 



¥»m 



prf^ - ^^ ^ I i^*i<i**^ 
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tors of the given fratdcms, and it will be the common de- 
nominator required. 

2. Divide llie common denominator by the denpminatoi^ 
of each fraction^ and multiply die quotient by the numera- 
tor, and die product wiH ]be &e numerator of the fraction 
required* 

V EXAMPLES. 

1. Reduce |, |, and { to fractions, having the least cofll- 

mon denominator. 

2 

3 

6 the least common denominator^ 
6-r-2xl=c3 the first numerator ; 6-r-3x2=s4 the second nu- 
merator: 6-7-6x5=5 the third numerator. 

Whence the required fractions are f , ^, {.. 

2. Reduce -^ and \^ to fractions, having die least com- 
mon denominator. Ans. |^, ||-. 

3. Reduce ^, | |, an4 f to the least common denomina- 
tor. Ans. -j-:y, 1-J-, -jj.» jy. 

4. Reduce f ^ ^, f , and -f^ to the least common denomi- 

5. Reduce |, |, |, |, 1^|, and ^J to equivalent fractions, 
having the least common denominator. 

• Ans. ;yY» :yT' ^-ffj tT' 4 8-' if* 

\ ^ 

\ • ■ " ; • CASE 7. 

To find the vahte ofajractton in the known parts of the in" 

^ tgffcr. 

-K^LE.* 

Multiply the numerator by the parts in the next inferior 



w 'f | 



* The numerator of a fracdon may be considered as a re- 
mainder, and the denominator as a divisor ; therefore this rule 
has its reason in the nature of Compound Division. 
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denominfttioa, and divide the product by the denomiilatoj' i 
and if any thing remain, multiply it by the next inferior de- 
oominaUon, and divide by the denominator aa before ; and 
so on as far as necessary ; and the quotients placed after one 
another, in their order^ will be th| answer required. 

EXAMPLES* 

!• What is the value of 4* of a shilling I 

5 
12 

7)60(8d. 2fq. Ans^ 
56 

4 

4 



16 
14 

2 
8. What is the value of | of a pound sterlmg? 

Ans. 7s. 6dA 
a. What is the value of | of a pound Troy? 

Ans. 7oz. 4dwt» 
4. What is the value of ^ of a pound Avoirdupois i 

Ans. 9»z. 2^r. 

f^ 5. What is the value of J of a cwt. ? 

Ans. Sqrs. 31b. loz. 12|dr* 
-*• 6. What is the value of ^ of a mile i 

Ans. llur- 16pls. ^ds. 1ft. 9^in* 

r« What is the value of | of an ell English i 

Ans. 2qrs. 3<| Js» 

^ What is the value of f jf a tun of wine i 

Ans. 3hhd. 31gal. 2qt8. 

< 



» 
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1^ i. What is the vsdue of -^ of a day? 

Ans. 12h. SS^ 23^^ 

CASE 8i. 

To reduce a /traction of one denomination to that of another^ 
' retaining the same value* 

Make a compound fraction of it, and reduce it to a single 
one. 

EXAMI^LESi. 

L 1. Reduce ^ of a penny to the fraction of a pound. 

4 of tV of yV=t Atr=¥lT the answef* 
And ^-^ of Y of »7>=|||=|.d- the proof. 
S. Reduce f pf a farthing to the fraction of a pound* 

Ans* "ri-jTf* 
3. Rediice -j^L to the fraction of a penny. Ans. Y* 

. 4. Reduce •! of a dwt. to the fraction of a pound Troy. 

Ans. ^TSTTT* 

5. Reduce 4 of a pound Avoirdupois to the fractioii of a 
cwt. Ans. -jItj. 

6. Xeduce ^^Vf of ^ ^^ of wine to the fraction of a 
pint.' Ans. -j-^. 

7* Rel^ce -^^ of a month to the fraction of a day. 

Ans> •7~T« 



♦ The reasoi of this practice is explained in the rule for re« * 
ducing compound fractions to single ones. 

The rule might hve been distributed into t\ro or three dilfer* 
^nt cases/ but the dinctions'here given may very easily te ap* 
pUed to viy ^question, hat can be proposed in those cases, and 
will be liore easily un^rstood by an example or two, than by 
a multiplicity of words. 
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8. ^Reduce 7s« 3d. t6 the fmttionof a pound. Ans. |^» 
. 9« £xpre8a 6fur. IGpls. tathe fraction of a mile. 

Ans. ^. 

ADDITION OF VULGAR FRACTIONS. 

EULE.f 

Reduce compound fractions to single ones ; mixed num- 
bers to improper fractions ; fractions of different integers 
to those of the same ; and all of them to a common denom- 
inator ; then the sum of the numerators, written over the 
common denominator, will be the sum of the fractions re» 
quired. 

XXAMVLES* 

§■ 

1. Add 3|, I, % <X\^ Mid 7 together. 
First 3|=V,* of Wj, 7=4- 

f • « 

Then the fractions are V'> ¥» tt* *^ \ » •*• • 

MXSXtOX 1=2320 

rxSXlOX 1= 560 

7X8X 8X 1= 448 

7X8X 8X10^=4480 



7808 

..i-.-«=12||f=lS^ the aiUfiweibr 

8X8X10X1=640. 



.^ 



• Thus 7s. 3d. « 87d. and 11. = 240d. ••. ^^^H ^^« answer. 

t Fractions, before they are reduced to j^ommon dcnomina- 
tor, are entirely dissimilar, and therefore /annot be incorporat- 
ed with one another ; but when they z^ reduced to a com- 
mon denominator, and made parts of xXs^ same thing, their sdm 
orjdifference may then be as properly^xpressed by Ae sum or 
difference of the numerators, as theAum or <fiffcrca;e of anj 



VULGAR FRACTION^. T6 

i. Add I, 7J, and | of | togethen Aftsv 8|. 

S. What is the sum of |, | of |, a«d 9/^ ? Ans, XQ^^. 

4. What is the sum of -^V of 6J, ^ of |, and 7^ ? 

Ans. f!44i* 

5. Add J.L Js. and -^^ of a penny together. 

Ans. 4^11, or 3s. Id. 1|^. 

6. What is the sum of f of 151. ^i. | of | of | of a 
pound, and | of | of a shilling ? 

Ans. 7l. 17s. 5^cL 

7. Add I of a yard, | of a foot, and f of a mile together. 

Ans. 660yrds. 2ft. 9in. 

8. Add I of a week, J of a day, and | of an hour togeth- 
er* Ans, 2d. 14^h. 

SUBTRACTION OF VULGAR FRACTIONS. 

RULE* 

Prepare the fractions as in Addition, and the difference 
of (he numerators, written above the common denooiina- 
tor, will give the difference of the fractions requir6d. 

SXAMFJUSS^ 

1. From I take f of f. 

0of|=:/^, andl; 

3 

••• ii — in- = It = T ^® answer required. 

2. From ^\ take f . Ans |J J. -. 

3. From 96| take U|. Ans- 8l||. 

4. From t4J take | of 19. Ans. 1^^^. ,. 
$. From ^^l. take |$; Axis. 9s. 3d. 
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two quantities whatever by the sum or difference of their indi- 
viduals ; whence the reason of the rules, both for Addition and 
Subtraction, is manifest. 



M VULGAR FRACTIONS. 

6. From |oz. take j-dwt. Ans. lldwt. 3gr. 

T. From 7 weeks take 9-^^ days. Ans* 5w« 4d. 7h. 12% 

MULTIPLICATION OF VULGAR FRACTIONS. 

« 

RULE.* 

Reduce compound fractions to single ones, and mixed 
Qumbers to improper fractions ; then the product of the nu<- 
merators is the numerator ; and the product of the denomi- 
natorS) the denominator of the product reqiured. 

BXAMPLBS. 

1, Required the continued product of 2|, ^y ^ of |, and 2. 

Then tx|>;A><f = ^^^^^^^..c==JVx the answer. 

:t Multiply -iV by /f. Ans. ^#. 

3. Multiply 4} by |. Ans. -f^. 

4. Multiply J of 7 by f, Ans. 1|- 

5. Multiply I of I by I of 3|. Ans. ||. 

6. Multiply 4^, | of |, and 18f > continually together. 

Ans. 9j^ 



* Multiplication by a fraction implied the taking some part 
or parts of the muhipUcand) and therefore may be truly ex- 
pressed by a compound fraction. Thus 1 multiplied by f i^ 
the same as | of f ; and as the directions of the rule agree with 
the method already given to reduce these fractions to single 
pnesi it is shown to be right. . / 



VULGAR FRACTIONS. TT 

DIVISION OF VULGAR FRACTIONS. 

RULE.* 

Prepare the fractions as in Multiplication ; then imrert 
^e divisor, ^ind proceed exactly as in Multiplicatioij. 

1. Divide | of 19 by | of |. 

I of 19= 45^ = V. and I of |=l^i ; 

19X2 
" T Xi= 5x1~^*~''t tl^e quotient required. 

2. Divide ^ by 4. Ans. f. 

3. Divide 9f by | of r. Ans. Sff. 
^ Divide 3» by 9i. Ans. |. 

5. Divide I by 4. Ans. ,V 

6. Divide 1 of I by I of |. Ans. |. 

■ ' /'/■■' ■;■■ , .. ■ 
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DECIMAL FRACTIONS. 

A Decimal is a fraction, whose denominator is an unit 
pr 1, with as many cyphers annexed, as the mmierator has 



• The reason of the rule, may be shown thus. Suppose it 
were required to divide | by |. Now |-^3 is manifesUy \ of 

3 * 

I ^'^ -^ J but 1=} of 3, .\\ of 2, or | must be cont^ed 5 • 

times as often in 1 as 3 is ; that is £^5= the answer ; which 

^X3 

is according to the rule ; and will be so in all cases. 



r$ ]^CIMAL FRACTIONS. 

places ; and is commonly expressed by writing the nume- 
rator only, with a point before it, called the separatrixm 



0*5 is eqi 


ial.to ^'^ or 


h 


025 


tV» or 


h 


075 


tVV or 


9 


13 


41 or 


ItV 


24'6 


a^ 




'02 


TTTrOi- 


tV- 


0015 


ttAt or 


s 



A ^ntV^ decimal is that, which ends at a certain number 
of places. But an irifinite decimal is that, which is under- 
stood to be indefimtely continued. 

A repeating' decimal has one figure, or several figures, 

continually repeated, as far as it is found. As «33, Sec. 
which is a single repetend» And 20*2424, &c. or 20*246246, 
&c. which are compound repetends. Repeating decimamire 
also called circulates^ or circuiating decimals* A point is 
set over a single repetend, and a point over the first and last 
figures of a compound repetend. 

. The first place, next after the decimal mark, is 10th parts, 
the second is 100th parts, the third is 1000th parts, and so 
on, decreasing toward the right by lOths, or increasing to- 
ward the left by lOths, the same as whole or integral num- 
bers do. As in the foUowipg * 



4 

NoTB^— A fraction is multiplied by an integer, by dividing 
the denominator by it, or multiplying the numerator \ and di- 
vided by an integer, by dividing the numerator^ or multiplying 
the denominator. 
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SCALE OF NQTATIOK. 
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Cjrphers on the right of decimals do not alter their value* 
For *5 or ^'^ is •!• 
And '50 or /^ is ^. 
And '500 or ^tfirrr ^^ i* 

But cjrphers before decimal figures, and after the separat- 
ing point, diminish the value in a tenfold proportion for ev- 
ery cypher. 

So *5 is -/^ or -j^ 

But •OS is Y Jt ^^ "jV 

And OOSis t/vf^ !rftr 
And so on. 

So tfiat, in any mixed or fractional number, if the sepa- 
rating point be moved one, two, three, &c. places to the 
right, every figure will be 10, 100, 1000, &c. times greater 
than before. 

But if the point be moved toward the left, then eveiy fig^ 
ure will be diminished in due same manner,, or the whole 
quantity will be divided by 10, 100, 1000, &c. 



id DECIMAL FRACTIONS. 

ADDITION OF DECIMALS. 

KULK. 

1. Set the numbers under each other according to the "^at* 
ue of their places, as in whole numbers, or so that the dec^ 
mal points may stand each directly under the preceding. 

2« Then add as in whole numbers, placing the decimal 
point in the sum direcdy under the other points. 

EXAMPLES. 

. (0 

7530 
16*201 
30142 
. 95713 

6'r2819 
'03014 



■*■• 



8513' 10353 



2. What is the sum of 276, 39*213, 72014*9, 417, 5032, 
and 2214*298 i Ans. 79993*411. 

3. What is the sum of *014, '9816, '32, •15S!14, 72913, 
and *0047 ? Ans. 2*20857. 

4. What is the sum of 27*148, 918*73, 14016, 294304, 
•7138, and 221*7 ? Ans. 309488*2918. 

5. Required die sum of 312*984,21*3918,2700*42, 3' 153, 
27*2, and 581*06. And. 3646*2088. 

SUBTRACTION OF DECIMALS. 

RULE. 

1. Set the less number under the greater in the same 
manner as in Addition. 



Decimal fractions. st 

2* Then subtract as in whole numbers, and place the 
decimal point in the remainder directly under the other 
points^ 

BXAMPLE8. 

(0 

214-81 
4-90142 



AiS 



209-90858 



mt 



SL From •91^3 subtract -2138. Ans. •TOSS* 

3. From 2-?'3 subtract 1*9185. Ans. 0-^115* 

4. What is the difference betweeh 91-713 and '407 ? 

Ans. 315«287« 

5. What is the difference between 16*37 aod 800-135 ? 

Ans. 783-715* 

■>f. RtULtrfLICATION OF OECIMALS. 

RULE.* » 

1. Set down the factors under each other, and midtiply 
them as in whole numbers. 

2« And from the product^ toward the right point off as 
many figures for decimals, as there are decimal places 'in 
both the factors. But if there be not so many figures in the 
product as there ought to be decimals, prefix the proper 
number of cyphers to supply the defect. 

* To prove the truth of the rule, let '9776 and '823 be the 
numbers to be multiplied ; now these are equivalent to nn^ 
an^iirA; whence .^ft2;feXT^=T^\S^^/^^«-^^^^ 
nature of Notation, and consisting of as many places, as there 
are cyphers, that is, of as many places as are in both the num- 
bers ; and the same is true of any two numbers whatever. 

11 
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EXAMPLES. 

(0 
9i«r8 

•361 

' - - 



9178 
73424 
27534 



34-96818 



2. What is the product of 520*3 and -41 7 ? 

Ans. 216*9651* 

3. What is the product of 51*6 and 21 ? Ans^. 1083 ^e* 

4. What is the product of ^217 and •0431 ? 

Ans. •0093527. 

5. What is the product of -051 Mid -0091 ? 

Ans. *0004641. 

r 

Note. When decimals are to be multiplied by 10, or 100> 
or 1000, &c. that is, by 1 with any number of cyphers, it 
is done by only moving the decimal point so ^any places 
farther to the right, as there are cyphers in the said 
multiplier ; subjoining cyphers, if there be not so many 
figures. 

EXAMPLES. 

1. The product of 51»3 and 10 is 513. 

2. The product of 2*714 and 100 is 271*4. 

3. The product of *9163 and 1000 is 916*3. 

4. The product of 21*31 and 10000 is 213100. 



iit^ 
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CONTRACTION. 

When the product would contain several more decimals than 
are* necessary for the purpose in hand^ the work may be 
much contracted^ and only the proper number of decimals 
retained* ' 

RULE* 

1- Set the unit figure of the multiplier under such deci- 
mal place of the multiplicand as you intend the last of your 
product shall be, writing the other figures of the multiplier 
in an inverted order. 

2. Then in multiplying reject all the figures in the mul- 
tiplicand, which are on the right of the figure you are mul- 
tiplying by ; setting down the products so that their figures 
on the right may fall each in a straight line under the pre- 
ceding ; and carrying lo such figures on the right from the 
product of the two preceding figures in the multiplicand 
thus, namely, 1 from '5 to 14, 2 from 15 to 24, 3 from 25 
to 34, &c. inclusively ; and the sum of the lines will be the 
product to the number of decimals required, and will com* 
monly be the nearest unit in the last figure* 

EXAMPLES. 

1. Multiply 27'-14986 by 92*41035, so as to retain only 
four places of decimals in the products 



«4 
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Contracted* 
3M4986 
53<W4*29 

24434874 

542997 

108599 

2715 

81 

14 

2508*9280 



Common way. 
27*14986. 
92-41035 



13 

81 

2741 

. 108599 

542997 

24434874 | 



574930 

44958 

986 

44 

2 



2^)8-9280 I 650510 



2. Multiply 480*14936 by 2*7^16, retaining four decir 

mals in the product. 

Ans. 1308O037f 

3. Multiply 73*8429753 by 4*688754, reUiningfive decir 
xnals in the product* ^ Ans. 341*80097* 

4. Multiply 8634*875 by 843*7527, retaining only the in- 
tegers in the product. Ans. 7285699/ 
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DIVISION OF PECIMALS 



RULE.* 



Divide as in ^hole numbers, apd to know how many de- 
cimals to point off in the quotient, observe the following 
rules. 



^ The reason of pointing off a^ many decimal places in the 
quotioit, as those in the dividend exceed those in the divisori 
will easily appear ; for since the number of decimal places in 
the dividend is equal to those in the divisor and quotient, taken 
together, by the nature of Multiplication ; it follows, that the 
f]^UQtient contains as many as the dividend exceeds the divisof. 
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1* There fnust be as many decimals in the dividend, as 
ia both the divisor and quotient ; therefore point oiF for 
decimal^ in the qi^otient $o many figures, as the decimal 
places in the dividend exceed those in the divisor. 

2. If the figures in the quotient are. not so many as the 
rule requires, supply the defect by prefixing cyphers. 

3. If the decimal places in the divisor be more than those 
|n the dividend,, add c}^hers as decimals to the dividend, 
.^ill the number of decimals in the dividend be equal to those 
in the divisor, ai^d the quotient will be integers till all these 
decimals are used. And, in case of a remainder, after all 
the figures of the ^dividend are used, and more figures are 
wanted in the quotient, annex cyphers to the remainder, to 
continue the division's far as necessary. 

4. The first figure of the quotient will possess the same 
place of integers or decimals, as that figoure of the dividend, 
which stands over the units place of the first product* 

EXAMPLES* 

1. Divide 3424-6056 by 43*6. 

43-6)3424«6056(r8*546 

3052 

• __ 

3726 
3488 

2380 
2180 

2005 
1744 

2616 
2616 
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2. Divide 38/7875 by -675. Ans, 5745000. 

3. Divide -0081892 by -347^ Ans. -0236. 
4# Divide 7*13 by -IS. Ans. 39. 

CONTRACTIONS. 

1. If the divisor be an integer with any number of cyphers 
at the end; cut them ofF^ and remove the decimal point in 
the dividend so many places farther to the left, as there 
were c)rphers cut off, prefixing cypher^, if need be j then 
proceed as before. 

EXAMPLES. 

J. Divide 953 by 21000. 21'000) 

3>953 
7>31766 
•04538, &c. 
Here I first divide by 3, and then by 7, because 3 time^ 
7 is 21. 

2. Divide 41020 by 32000. Ans. 1-281875, 

Note. Hence, if the divisor be 1 with cjrphers, the quo- 
tient will be the same figures with the dividend, having ^the 
decimal point so many places farther to the left, as there are 
cyphers in the divisor. 

EXAMPLES. 

217.3-i-100=2*173. 419 by 10=41*9f 

5*16 by 1000=KX)516, '21 by 1000=-00021. 

II. IVhen the number of figures in the divmor is greatj the 
operation may be contracted^ and the necessary number of 
decimal places obtained* 
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RULE. 

1. Having, by the 4th general rule, found what place of 
decimals or integers the first figure of the quotient will pos- 
sess ; consider how many figures of the quotient will serve 
the present purpose ; - then take the same number of figures 
on the left of the divisor, and as many of the dividend fig- 
ures as will contain them less than ten times ; by these find 
the first figure of the quotient* 

2* And for each following figure, divide the last remain- 
der by the divisor, wanting one figure to the right more than 
before, but observing what must be carried to the first pro- 
duct for such omitted figures, as in the contraction of Mul- 
tiplication i and continue the operation till the divisor is ex- 
hausted. 

3« When there are not so many figures in the divisor, as 
are required to be in the quotient, begin the division with 
all the figures as usual, and continue it till the number of 
figures in the divisor and those remaining to be found in 
the quotient be equal ; after which use the contraction. 



EXAMPLES. 



1. Divide 2508»92806505l by 92*41035, so as ta have 
four decimals in the quotient. — In this case, the quotient 
will contain six figures. Hence 



i 



I 
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Contraction. 
92^4103,5)2508«928,065O51(aM49« 
Ib48207 



660721 « 
646872 

13849 • • 
9241 

4608* • • 
3696 

912 ... . 
832 



80 
74 



o •••••• • 



Common Way* 
92*41035)2508-92806505 1 (27*1498 
1848207 



660721 
646872 



13848 
9241 



4607 
3696 

911 
831 

79 
73 



06 
45 

615 
035 

5800 
4140 



16605 
69315 



472901 
928280 

544621 
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3. Divide rsi -17562 by 2*257432, so that the quotient 
inay contain three decimals* ^ Ans. 319-467'. 

3. Divide 12*169825 by 3*14159, so that the quotient 
may contain five decimals* Ans. S'S7377m 

4. Divide 87*076326 by 9*365407^ and let the quotient 
contain seven decimals^ Ans* 9*2976559* 



^■■* 



heduction of decimals. 

CASE 1. 

To reduce a vulgar fraction to its equivalent dectmaL 

RULE.* 

Divide the numerator by the denominator, annexing as 
many cyphers as are necessary ; and the quotient will be 
the decimal required* 

£XAHPLE0^« 

I 

1. Reduce /^ to a decimal* 

4)5-000000 



6)1-250000 



*208333, &c. 
2. Required the equivalent decimal expressions for 4, ^, 
and |. Ans* •25, -5, and *75. 



iipaMiii i i 



* Let the vulgar fracdon, whose decimal expression is re- 

quiredy be •^. Now since every decimal fraction has 10, 100^ 

1000, &c. for its denominator; and, if two fracdons be equal, 

' it will be, as the denominator of one is to its numerator, so is 

the denominator of the other to its numerator; therefore 13 : 

f . . innn a*- 7X1000, &c. 7000, &C. ^^t,,^ ^, 

, 7 : : 1000, &c. : ! — xsas \ aas-53d46, the numc- 

13 13 

rator of the decimal required ; and is the same as by the riile* 

12 
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3. What is the decimal of | ? Ans. 'STS^ 

4* What 18 the decimal of -^^ ? Ans. *0^ 

5. What is the decimal oi j^ji Ans. •015625. 

6. £xia*ess ,VV» decimally. Ana. 071577, .&c. 

CASE 2^ 

To reduce numbers of different denominations to their equiv" 

aknt decimaJ values^ 

RULE.* 

1. Write the given numbers perpendicularly under each 
other for dividends, proceeding orderly from the least to 
the greatest. 

2. Opposite to each dividend, on the left, place such a 
number for a divisor, as will bring it to the next superior 
name, and draw a line between them. 

3. Begin with the highest, and write the quotient of each 
division as decimal parts, on die right of the dividend next 
below it ; and so on till they are all used, and the last quo- 
tj£nt will be the decimal sought. 

^ BXAMPLE8. 

Keduca i5s. 9|d. to the decimal of a pound.. 
4 1 3- 
13 [. 9-75 
2Q^i 15-8125 

•790625 the decimal required. 



^ The reason of the rule may be explaincc^ froiti the first 
example ; thus, three farthings are | of a penny, which brought 
to adecimalis '75 ; consequently 9|d. may be expressed 9* 75d. 
tot 9*75 k \^ of a penny ^^xii^ ^^ ^ shilling, which brought 
to a decimal is *8125 ; and therefore 15s. 9|d. may be expres* 
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2. Redace 9s. to the decimal of a pound* Ans. *45* 

3. Reduce 195. 5|d. to the decimal of a pound* 

Ans. •972916* 

4. Reduce lOoz* iSdwt. 16gr. to the decimal of a pound 
Troy. Ans. -91 1 1 1 1 , &c. 

5. Reduce 2qrs. 14lb. to the decimal of a cwt. 

Ans* ^625, &c. 
6* Reduce 17yd. 1ft. 6in. to the decimd of a mile. 

Ans. •00994318, &c. 

7. Reduce Sqrs. 23ila. to the decimal of a yard. 

Afis. •875. 

8. Reduce IgaL of wine to the decimc^ of a hhd. 

Ans. •015873. 
9* Reduce 3bu. Ipe. to the decimal of a quarter. 

Ans. •40625* 
10^ Reduce lOw. 2d. to the decimal of a year. 

Ans. •1972602, &c 

CASE 3. 

T^ find the decimal of any rmmher of shillings ^ pence^ and 
^ farthings by inspectionf 

RULE.* 

Write half the greatest even number of shillings for the 
first decimal figure, and let the farthings in the given pence 

sed 15*8135s. Jn like manner 15-8125s. is YoVoV ^^ ^ shilling 
=i oUo6 o^ ^ pound as, by bringing it to a decimal, '7^06351. 
as by the rule. 

* The invention of the rule is as fdlows ; as shillings are so ^' 

many SOthff of a pound, half of them must be so many lOths^ . 
and consequently t^ke the place of lOths in the decimal ; but 
l^hen they are odd, their half will always consist in two figures, 
the first of whiph will be h^lf the eyen number, next; less, an4 
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and farthings possess the second and third places ; observ- 
ing to increase the second place by 5, if the shillings be odd ; 
and the third place by 1, when the farthings exceed 12 i and 
by 2, when they eiiLceed ^&n 

BXAMPLE8. 

1. Find th^ decimal of 15s. 8|d. by inspectio^^. 
7 =i of 14s, 
9 for the odd ^hilling^ 
34 =: farthings in 8^d. 
1 for the excess above 12, 

•785 = decimal required. 

2« Find by inspectaoh the decimal expression of 16s. 4^d» 

and 13s. 10|d. Ans. -819 and «694. 

'3. Value the following sums by inspection, and find their 

total, VIZ. 19s. ll|d. +6s. 2d. -f- 12s. 8|d. + Is. lO^d. -f. 

^d. + l^d. Ans. 2*042 the totaL 



-T" 



t^e second as $ ; and this confirms the rule as far as it respects 

shillings. 

Again, farthings are so many 960ths of a pound ; and had it 

happened, that 1000, instead of 960, had made a pound, it is 
plain any number of farthings would have made so many thou- 
sandths, and might have taldsn their place in the decimal ac- 
cordingly. But 960, increased by -^-^ part of itself, is as 1000 ; 
consequently any number of farthings, increased by their -^-^ 
part, will be an exact decimal expression for them. Whence^ 
if the number of farthings be more than IS^ a -^^ part is greater 
than v|, and therefore 1 must be added ; and when the number 
pf farthings is more than 36, a ^\^ part is greater than 1^, for 
f^hich 2 must be added ; and thus the rule Ls shown to be righl^. 
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CASE 4. 

TTo^ndthetyalue of any given decimal in terms of the integer. 

RULE* 

1. Multijdy the decimal by^the number of parts in the 
next less denomination, and cut off as many places for a re- 
mainder on the right as ihere are places in the given deci- 
mal. 

%• Multiply the remainder by the parts in the next infe- 
rior denomination, and cut off for a remainder as before. 

3. Proceed in this manner through all the parts of the' in- 
teger, and the several denominations, standing on the left^ 
xnake the answer. 

EXAMPLES. 

1. Find the value of '37623 of a pound* 

20 / 



r*52460 
12 

6*29520 

4 



1*18080 Ans. 7s* 6|d* 

2. What is the value of -625 of a shilling ? Ans- 7|d. 

3. What is the value of -83229161 ? Ans. 16s. r|d. 

4. What is the value of *6725cwt*? Ans. 2qrs« 19lb.5oz. 

5. What is the value of •67 of a league ? 

Ans. 2mls. 3pls. 1yd. 3in* lb. c* 

6. What is the value of -61 of a tun of wine ? 

Ans. 2hhd. 27gaL 2qt. Ipt. 
7* What is the value of *461 of a chaldron of coals I 

N Ans. 16bu. 2pe. 

2. What is the value of -42857 of a month ? 

Ans. lw« 4d. 23h. jf9' 56^ 



94 DECIMAL FRACTIONS. 

I 

CASE 5« 

To find the 'balue of any decimal of a pound by impection* 

Doiible the first figure or place of tenths for shillings^and 
if the second be 5 or more than 5 reckon another shilling ; 
then call the figures in the second and third places, after 5, 
if contained, is deducted, so many farthings; abating 1, 
when they are above twelve ; and 2, when above 36 > and 
the result is the answer. 

XXAMPLSS.^ 

1. Find the value of •Y^SX. by inspectioOf 

14s. = double T* 
Is. for 5 in the place of tenths, 
8j = 35 farthings. 
\ for the excess of 12, abated, 

15s. 8^d. the answer* 

2. Find the value of *8r5l. by iq^pection. Ans. 17s. 6df 
3* Value the following decimal^ b^ inspection,^ and find 

their sum, viz. •927 + •3511. + -2031 + •0611. + 02l. + 
•0091. ^ Ans. 11. Us* 5^d. 

FEDERAL MONEY.* 

The denominations of Federal Money y as determined by 
an Act of Congress, Aug. 8, 1786, are in a decinieU raiAo ; 
and therefore may be properly introduced in this place. 

* The coins of federal money are two of gold, four of silver, 
and two of copper. The gold coins are called an eagle and 
half-eagle ; the silver, a dollar j haif'dollar^ doubU'dimey VLuddtme s 
and the copper^ a cent and half^cent. The standard for gol^ 



\ 
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A mill, which is the lowest money of account, •001 of a 
dollar, which is the money unit* 



A cent 


is 


•01 


Or 10 mills = 1 cent. 


A dime 




•1 


marked m« c 


A dollar 




!• 


10 cents 3s 1 dime, d* 


An eagle 




10« 


10 dimes = 1 'dollar, D* 




^ 




10 dollars = eagle, E« 








•« 



and silver is eleven parts fine and one part alloy. The weight 
cf fine gold in the eagle is 346*268 grains ; of fine silver in 
the doUar, 3f5*64 grains; of copper in 100 cents, 3^1b. Avoir- 
dupois. The fine gold in the half-eagle is half the weight of 
that in the eagle ; the fine silver in the half-dollar, half the 
weight of that in the dollar, Sec. The denominations less th^i 
a dollar are expressive of their values : thus, miU Is an abbrevi- 
ation ofmiilej a thousand, for IOO9 mills are equal to 1 dollar ; 
cem^ of centum^ a hundred, for 100 cents are equal to 1 dollar $ 
a tlime is the French of tithcy the tenth part) for 10 dimes are 
equal to 1 dollar. 

The mint-price of uncoined gold, 1 1 parts being fine and 1 
part alloy, is 209 dollars, 7 dimes, and 7 cents per lb. Troy 
weight ; and the mint-price of uncoined silver, 1 1 parts being 
fine and 1 part alloy, is 9 dollars, 9 dimes, and 2 cents, per lb. 
Troy. 

In Mr. Pike's " Complete System of Arithmetic/* may be 
seen " Rules for reducing the Federal Coin, and the Curren- 
ues of the several United States ; also English, Irish, Canada, 
Nova Scotia, Li vres Toumois, and Spanish miEed dollars, 
each to the ftar of all the others.** It may be sufficient here to 
observe respecting the currencies of the several States, that a 
dollar is equal to 6s. in New-England and Virginia ; 8s. in 
New-York and NorthrCarolina ; 7s.. 6d. in New-Jersey, Penn- 
sylvania, Delaw^e^ and Maryland ; and 4s. 8d. in South-Car« 
olina and Georgia. 

The English standard for gold is 23 carats of fine gold, aod 
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A number of dollars, as 754, may be read 754 dollar^, or 
75 eagles, 4 dollars ; and decimal puts of a dollar, as "365) 
may be read 3 dimes, 6 cents, 5 mills, or 36 cents, 5 mills, 
or 365 milk ; and odiers in a similar manner. 

Addition^ Subtraction^ Multiplication^ and Division of fedf 
eral money are performed just as in decimal fractions ; and 
consequendy with more ease than in any other kind of mo-^ 

XXAMPLBS. 

1. Add 2 dollars, 4 dimes, 6 cents, 4D.2d., 4d., 9c., lEi* 
3D. 5c. 7m., 3c. 9m., ID. 2d. be. Im., aiid 2E. 4D. 7d;' 
Sc 2m. together. 









( 


2> 


(3) 


£. D. 


d. cm* 




E.D. 


d. C^ ttXm 


£• D. d. c. m* 


2 < 


» 4 6 




3 4 • 


•12 3 


30-671 


4 < 


» 2 




1 


•17 8 


3-123 




> 3 9 




7 8 ' 


►001 


4*567 


1 3 ' 


'057 




1 - 


• 7 


• 3 




3 9 






' 3 2 


7 0*308 


1 ' 


2 8 1 




6 1 • 


7 8 9 


7*17 


2 4 • 


►782 


Ans. 


6 - 


3 4 1 


8*231 


4 6 < 


'309 




f ^ 















2 carats of copper, which is the same as 1 1 parts fine and I 
part alloy. The English standard for silver is 1 8oz. 2dwt. df 
fine silver, and ISdwt. of copper ; so that the proportion of al- 
loy in their silver is less than in their gold. When either 
gf^ld or diver is finer or coarser than standard, the variation 
from stuidard is estimated by carats and grains of a carat in 
gold, and by penny-weights in silver. Alloy is used in gold 
and silver to harden them. 

NoTB.— Carat is not any certain weight or quantity, but ^^^j of 
any weight or quantity ; and the minters and goldsmiths divide 
it into 4 equal parts, called grains of a carat. 



bECIMAL FRACTIONS. 



S7 



(4) (5) (6) ' 

]£• D* d« c* in* £• D« d» c« m* 0« d* c« id* 

trom 32»ir8 rO'OOO 2-652 

iSubtract ir*2«9 r*813 -0/ 



Remain. 14*889 



r. Multiply 3D* 4d. 5c« Irn* by ID. 2d. 3c» 2iiu 
D. 

3^51 Note. The figures aftei* 

1*232 or on the right of mills are 



6902 




10353 




6902 


^ 


3451 


« 


4*251632=4*25t7VTV ^ns; 




D. D. 

8; Multiply 6.34r by 4-532. 


Ans. 28*764604^ 


D. D. - 
9. Multiply 7l*012 by 3-r03i 

b 

10. Multiply 806*222} by 9 


D. 
Ans. 262*957436. 

D. 
Ans. 7256. 


D. D. 
11. Divide 4*251632 by 1*232. 




1*232)4.251632(3*451 Answer. 




3696 


^ 



5556 
4928 



6283 
6160 . 

1232 
1232 



13 
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12. Dmde 20O. by 200a And. 0*0l. 

13. Divide 72560. by 9* Ans. 806*222|. 






CIRCULATING DECIMALS. 

It has already been observed, that when an infini(;e deci- 
mal repeats always oneHgure, it is a single repttend; and 
when more than one,' a compound repetend ; also that a 
point is set over a single repetend, and a point over the first 
and last figures of a compound repetend* 

It may be farther observed, that when other decimal fig- 
ures precede a, repetend in any number, it is called a mixed 

repetend: as •23, or •104123 ; otherwise it is a pure^ ot 

simple^ repetend: as *Z and •123. 

Similar repetends begin at the same place: as ^S'and 'G^ 
or l»34i and 2«i56. 

Dissimilar repetends begin at different places : as '253 and 
•4752. 

Conterminous repetends end at the same place : as ^125 

and •OOQ. 

Similar and conterminous repetends b^gin and end at the 
^ • • • • 

saipe place : as 2-9104 and •0613. 



N 
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REDUCTION OF CIRCULATING DECIMALS. 

• ^ 

CASE 1. 

To reduce a simple repettnd to ifs equivalent vulgar fraction. 

i\ Make the given decimal the numerator, and let the 
denominator be a number, consisting of as many nines as 
there are recurring places in the repetend. 

2. If there be integi-al figures in the circulate, as many 
cyphers must be annexed to the numerator, as the highest 
place of the repetend is distant from the decimal point. 

EZAMYLES. 



« 



1. Required the least vulgar fractions equal to '6 and '123 

•6=1^1 ; and •i2a=|f|=TVj Ans. 

2. Reduce -3 to its equivalent vulgar fraction. Ans. -J* 

ft 

• If unity, vith cyphers annexed, be divided by 9 ad infini- 
turn J the quotient will be 1 continually ; i. e. if | be reduced to 

a decimal, it will produce the circulate * I ; and since • 1 is the 

• • • 

decimal equivalent to ^, *2 ^yillassl, *3s|, and so on till *9ss:| 

x=:l. 

Therefore every single repetend is equal to a vulgar fraction, 

whose numerator is the repeating figure and denominator 9. 

Again, ^, or -^^being reduced to decimals, makes 'OlOIQl, 

• • • • 
&c. or 'Oorooi, bic.ad inJinttum^ss'QX or 001 j that is, -g^^aw 

•01, and ^^=«001; consequently |^=-02, ^i=-03, &c, and 

• • • 

7|^=5'002, 71^=5 003, &c. and the same will hold universally. 
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5« Reduce 1*62 tp its equivalent vulgar fraction. 

A. Required the least vulgar fraction equal to -769230. 

Ans. }|« 

CASE 2. 

To reduce a mixed repetend to its equivalent xmlgar fractioiu 

RULE.* 

1. To as many nines as there are figures in the repetend, 
annex as many cyphers as there are fiuite places, for a de-: 
nomina.or. ^ 

2. Multiply the nines in the said denominator by the ii- 
nite part, and add die repeating decimal to the product, for 
tiie numerator. 

3. If the repetend begin in some integral place, the finite 
value of the circulating part must be added to the finite 
part, 

EXAMPLES. 

1. What is the vulgar fraction equivalent to -138 ? 
9Xl3-f8=125= numerator, and 900i=: the denominar; 

tor; .•. •138=:|^*-:::^«y the answer. 



* In like manner for a mixed circulate ; consider it as divis- 
ible into its finite and circulating parts, and the same principle 

-will be seen to run through them also : thus, the mixed dircu- 

♦ 

late *16 is divisible into the finite decimal *1, and the repetend 

« 

•06 ; but '1=^, and '06 would be ==|, provided the circulation 
began immediately after the place of uniti ; but as it begins af« 
ter the place of tens, it is f oi^^-^^ and so the vulgar frac» 

tion s=' 16 is •jiy+ife=A+^=H> and is the same as by the 
rule* 
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^* '^V^at is the least vulgar fraction equivalent to *53 i 

Ans. -A-. 

3. What is the least vulgar fraction equal to •5925 ? 

Ans. If. 

■, • 

4. What is the least vulgar fraction equal to •008497133 ? 

Ans. ^1^. 

5. What is the finite number equivalent to 31*62 ? 

Ans. 3 Iff. 

CASE 3. 

To nufie any number of dissimilar repetenck similar and 

conterminous^ 

RULE.* 

Change them into other repetends, which shall each con-- 
sist of as many figures as the least common multiple of the 
several numbers of places, found in all the repetends, coQr 
tains units. 

EXAMPLES. 

1. Dissimilar. Made similar and conterminous. 
9*814 = 9*81481481 

1-5 = 1*50000000 

87*26 = 87-26666666 

• . • • 

•084 = -08333333 

124*09 = 124*09090909 



T 



• Any given repetend whatever, whether single^ compound, 
pure, or mixed, may be transformed into another repetend, that 

shall consist of an equal or greater number of figures at pleas^ 
• • • • • • 

ure : thus *4 may be transformed to -44, or *444, or *44, &c. 
•• • • •• •• 

Also •57sai*5757=='5757='575 ; and so on ; which is too evi- 
dent to need any further demonstration. 



:-i 
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• • • 

2. Make -5, •27 and 045 similar and conterminous* 

■• •••• •■ 

3. Make •321, •8262, *05 and -0903 similar and conter- 
minous. 

• • • • • 

4. Make •5217, 3*643 and 17*123 similar and contermi- 

ncMXs. ' 

CASB 4. 

Tojind whether the decimal fraction^ equal to a given vulgar 
one^ be finite or vifinitey and of how many places the repe^ 
tend will consist. 

RULE.* 

1. Reduce the given fraction to its least terms, and di<- 
vide the denominator by 2, 5, or 10, as^often as possible. 

♦ In dividing I '0000, &c. by any prime number whatever, 
except 3 or 5, the figures in the quotient will begin to repeat 
as soon as the remainder is 1. And since 9999, &c. is less than 
10000, Sccby 1, therefore 9999, &c. divided by any number 
whatever will leave for a remainder, when the repeating fig- 
ures are at their period. Now whatever number of repeating 
figures we have, when the dividend is 1, there will be exactly 
the same number, when the dividend is any other number 
whatever. For the product of any circulating number, by any 
other given number, will consist of the same number of repeat* 
ing figures as before. Thus, let '507650765076, &c. be a cir-* 
culate, whose repeating part is 5076. Now every repetend 
(5076) being equally multiplied, must produce the same pro* 
duct. For though these products will consist of more places, 
yet the overplus in each, being alike, will be carried to the next) 
by which means each product will be equally increased, and 
consequently^ every four places will continue alike. And the 
same will hold for any otilier number wliatever. 
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2. If the whole deciomiaator vanish in dividing foy 2, 5, 
or 10, the decimal will be finite^ sind will coDsist of so many 
places, as you perform divisions. 

3. If it do not so vanish, divide 99^, &c« by the result, 
till nothing remain, and the number of 9s used will show the 
number of places in the repet^nd ; which will begin a£(er so 
niany places of figures, as there were 10s, 28, or 5s, used la 
dividing. 

EXAMPLES. 

1. Required to find whether the decimal equal to -^tVV 
be finite or infinite ; and if infinite, how many places the 
repetend will consist of. 

2 2 3. 
yWr^siTT I ^ I "^ I ^ M* therefore the decimal is 
finite, and consists of 4 places. 

2. Let -^ be the fraction proposed. 

3. Let 7 be the fraction proposed. 

4. Let ^^y be the 'fraction proposed. 

5. Let 7777 ^^ ^^ fraction proposed. / 

y 

ADDITION OF CIRCULATING DECIMALS, 

RULE.* 

1. Make the repetends similar and conterminous, and 
find their sum as in common Addition* 



Noi^ hence it appears, that the dividend may be altered at 
pleasure, and the number of places in the repetend will still be 

the same: thus •^8ss09., and -^, or ^x3s»*27, where the 
number erf places in each is alike^ and the same will be true 
in all cases. 

* These rules are both eyident from what has been said in 
reduction. 
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2. Divide tlus sum bf as many nines as there are.place^ 
in the repetend, and the remainder b the repetend of thd 
siun ; which must be set under the figures added, with cy- 
t»httrs on the left, when it has not so many places as the re-" 
petends. 

3. Carry the quotient of this division to the next colunm^ 
and proceed with the rest as in finite decimals^ 



EXAMPLES* 

« 



2 2 



i. Let 3*6+r8-34r6+y«5*3+3y5+*2r+187*4 be added 
together. 

Dissimilar* Similar and conterminous* 

3-6 = 3-6666666 

78-3476 = 78*3476476 

. 735-3 = 735-3333333 

375- = 375-0600006 

•27 = 0*2727272 

187-4 =± 187'4444444 



1380-0648193 the sum^ 
In this question, the sum* of the re,petends is 2648191, 
which, divided by 999999, ^ves 2 to carry, and the remain- 
der is 648193* 

2* Let 5391-357+72-38+187-2i+4-2965+2l7-8496+ 

42*176+-523+58*30048 be added together* 

Ans* 5974-10371. 

^ 3!Ldd 9*814+1 •5+87-26+-083+124-69 togetfier. 

^* 
^ Ans. 222*755r239a 
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4. Add i62+134-6d+3'93+97*26+3«r69236-f-99K)83+ 

• • • • 

i •5+*8 14 together. Ans. 501 •6S65l0rr* 

SUBTRACTIOJJ OF CIRCULATING DECIMALS. 

RULE. 

Make the repetends similar and conterminous, and sub- 
tract as usud ; observing, that, if the repetend of the subtra- 
hend be greater than the repetend of the minuend, then the 
figure of the remainder on the right must be less by unity^ 
than it would be, if the expressions were finite. 

XXAMPLES* 

» 

1. From 85>62 take 13*76432. 

85-62 = 85*62626 
13*76432 = 13*76432 



71*86193 the difference. 

S. From 476*32 take 84*7697. Ans. 391*5524; 

• • • • * 

3. From 3*8564 take .*0382; Ans. 3*81. 

Multiplication of circulating decimals. 

EULE. 

1. Turn both the terms into their equivalent vulgar frac* 
tions, and find the product of those fractions as usual. 

2. Turn the vulgar fraction, expressing the product, into 
an equivalent decimal, and it will be die product required. 

14 



io« Decimal fractions. 

EXAMPLES. 

• • • 

1. Mukiply -36 by -25. 

• QA 3* 4 



TT— TT 



•25=|» 






( 



TT ^ f t=?tVV=*0929 the product. 

2. Multiply 3r*23 by -26. Ans. 9'928. 

3. Multiply 8574«3 by 8r*5. Ans. 7S07S0^5iS. 

4. Multiply 3*973 by 8. Ans. 31 •791. 

• • • . 

5. Multiply 49640*54 by •70503. Ans. 34998-41 99003. 

• • • • • • 

6. Multiply 3-145 by 4-297. Ans. 13*5169533. 

DIVISION OF CIRCULATING DECIMALS. 

m 

RULE. 

1. Change both the divisor and dividend into their equiv-. 
alent vulgar fractions, and find their quotient as usual. 

2. Turn the vulgar fraction, expressing the quotient, into 
its equivalent decimal, and it will be the quotient required* 

EXAMPLES. 

1. Divide •35 by -25. 

JO— YT— TT 
• 
.Q4r — S3 

^\^|»=rT*^X|i=|f|=li^|=l*422924901185770750988i 
the quotient. 

2. Divide 319*280071 12 by 764-5. Ans. •4176325. 
* 3. DMdre 234^6 by •f. Ans. 301-714285. 

4. Divide 13«5i69533 by 4*297. Ans. 3-145. v 
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PROPORTION. . lOr 

* 

PROPORTION IN GENERAL. 

X^ UMBERS are compared together to discover the 
relations they have to each other. 

There must be two numbers to form a comparison; the 
number, which is compared, being written first, is called the 
antecedent; and that, to which it is compared, the consequent* 
Thus of diese numbers, 2 : 4 : : 3 : 6y 2 and 3 are called the 
antecedents ; and 4 and 6, the consequents. 

Numbers are compared to each other two different ways; 
one comparison considers the Afference of the two numbers, 
and is called arithmetical relation^ the difference being some- 
times named the arithmetical rath ; and the other consid- 
ers their quotient^ and is termed geometrical relation^ and the 
quotient the geometrical ratio. So of these numbers 6 and 
3, the difference or arithmetical ratio is 6^^3. or 3 ; and the 
geometrical ratio is ^ or 2. 

If two or more couplets of numbers have equal ratios, or 
differences, the equality is named proportion; and their 
terms similarly posited, that is, either all the greater, or all 
the less, tdktn as antecedents, and the rest as consequents, 
are called proportionals. So the two cou{dets 2, 4, and 6, 8, 
taken thus, 2, 4, 6, 8, or thus .4, 2, 8, 6, are arithmetical 
proportionals ; and the couplets 2, 4, and 8, 16, taken thus, 
2, 4, 8, 16, or thus, 4, 2, 16, 8, are geometrical proportionr 
als.* 



* In geometrical proportionals a colon is placed between the 
terms of each couplet, and a double colon between the couplets ; 
in arithmetical propordonals a colon may be turned horizontal- 
ly between the terms of e^ch couplet, apd two colons written 
between the couplets. Thus the above geometrical propor- 
tionals are written thus, 2 : 4 ; 2 8 : 10, and 4 : 3 : : 16:8; 
the arithmetical, 2 •* 4 :; ^ •• 8, and 4 •• 5 : : 8 •• 6. 
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Proportion is distinguished into continued and discontm* 
ued. If, of several couplets of proportionals written in ci 
series, th^ difference or ratio of each consequent and the an-, 
tecedent of the next following couplet be the same as the 
common difference or ratio of the couplets, the prpportiou 
is said to be continued^ and the members themselves a series 
of continued arithmetical or geometrical proportionals* So 
2, 4, 6, 8, form an arithmetical progression ; for 4^-— 2=6 — 
4=6 — ^=2; and 2,4,8, 16, a geometrical progiession ; 
for 4=4= V =2. 

But if the difference or ratio of the consequent of one 
couplet and the antecedent of the next couplet be not the 
same a^ the common difference or ratio of the couplets, the 
proportion is said, to be discontinued* .So 4, 2, 8, 6, are in 
discontinued arithmetical proportion ; for 4— 2=8— ^=2» 
but 8 — ^2=6 ; ^so 4, 2, 16, 8, are in discontinued g-eometri- 
cal proportion ; for |=y =2, but *^ =8. 

Four numbers are directly proportional^ when the ratio 
of the first to the second is the same, as that of the third to 
the fourth. As 2 : 4 : : 3 : 6. Four number^ are said to 
be reciprocally^ or inversely proportional^ when the first is 
to the second, as the fourth is to the third, and vice versa. 
Thus, 2, 6, 9, and 3^ are reciprocal proportionals ; 2:6:: 
3:9. 

Three or four numbers are said to be in harmpnical 
proportior}^ when, in the former case, the difference of the 
^rst and second is to the difference of the second and third, 
as the first is to the ihird; and, in the latter, when the 
difference of the first and second is to the difference of the 
third and fourth, as the first is to the fourth. Thus, 2, 3. 
and 6; and 3, 4,' 6, and 9, are harmonical proportionals; 
for 3—2=1 : 6—3=3 : : 2 : 6 ; and 4— -3=1 : 9—6=3 : ^ 
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Of four arithmetical proportionals the sum of die ex? 

^eme9 is equal to the sum of the means.* Thus of 2 •• 4 

: : 6 • • 8 the sum pf the extremes (2+8)= the sum of the 

^eans (4+6)=10. Therefore, of three arithmetical pror 

portionals, the sum of the extremes is double the mean. 

Of four geometrical proportionals, the product of the (ex- 
tremes is equal to the product of thp means, f Thus, of 2 : 
4 : : 8 : 16, the product of the extrenaes (2x16) is equal tp 
the product of the means (4x 8)=:32. Therefore of three 
geometrical proportionals, the product of the extremes is 
equal to the square of the mean. 

Hence it is easily seen, that either extreme of four geo- 
metrical proportionals i^ equal to the product of the means 
divided by th^ other extreme ; and that either mean i^ 
equal to the product of the extremes divided by the other 
];nean« 



* Demonstration. Let the four arithmetical proportionals 
be jij B, C, By viz. J"B :: C'* D'; then, ^— 5=C— Z>, an(} 
J3+D being added to both sides of tlie equation, ./f<— jB-f-jB-f 
D^C^D+B+D ; that is, A+D the sum of the extremes 
xzC-^-B the sum uf the means.— And three wf, B^ C^ may be 
thus cxpresised, ./f •• B ii B •• C; therefore A+C^i^B+BsxIlB. 

Q.E.D. 

t Dbmonstratiov. Let the propordon he Ai B ii C i Dj 
and let -r»7;= '' i then A^Bvy and CssDr ; multiply the for- 
iner of these equations by i>, and the latter by B; then ADrss^ 
MrDj and CB^s^DrBj and consequently AD the product of the 
pxtremes is equal to JBC the product of the means.^— And three 
may be thus expressed^ A: J^ xi B iC^ therefore AC^BxB 
f»B». Q. E. D. 
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SIMPLE PROPORTION, or RULE OF THREE. ^ 

The Rule of Three is that, by which a number is found, 
having to a given number the same ratio, which is between 
two other given numbers. For this reason it is sometimes 
named the Rule of Proportion. 

It is called the Rule of Three^ because in each of its ques- 
tions there are given three numbers at least. And because 
of its excellent and extensive use, it is ofeen named the Gold' 
en Rule. 

RULE.* 

« 

1. Write the number, which is of the same kind with the 
answer or number required. 

* Demonstration. The following observations taken col- 
lectively, form a demonstration of the rule, and of .the reduc-^ 
tions mentioned in the notes subsequent to it. 

1 . There can be comparison or ratio between two numbersi 
only when they are considered abstractly, or asapp}ied to things 
of the same kind, so that one can, in a proper sense, be contain- 
ed in the other. Thus there can be no comparison between 2 
men and 4 days ; but there may be between 2 and 4, and be- 
tween 2 days and 4 days, or*2 men and 4 men. Therefore, the 
2 of the 3 given numbers, that are of the same kind, that is, 
the first and the third, Mrhen they are started according to the 
rule, are to be compared together, and their ratio is equal to 
that, required between the remaining or second number and 
the fourtlWr answer. 

2. Though numbers of the same kind, being either of the 
isame or of different denominations, have a real ratio, yet this 
ratio is the same as that of the two numbers taken abstractly, 
only when they are of the same denomination. Thus the ra- 
tio of 11. to 21. is the same as that of 1 to 2 c=| ; Is. has a real 
ratio to 21. but it is not the ratio of 1 to 2 ; it is the ratio of is. 
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2. Consider whether the answer ought to be greater or 
less than this number ; if greater, write the greater of the 



to 40s. that is, of 1 to 40 s^. Therefore) as the first and 
third numbers haye the rado, that is required between the se- 
cond and answer, they must, if not of the same denomination, 
be reduced to it , and then their rado is that of the abstract 
numbers. 

3. The product of the extremes of four geometrical propor- 
tionals is equal to the product of the means ; hence, if the pro* 
duct of two numbers be equal to the product of two other num- 
bers, the four numbers are proportionals ; and if the product of 
two numbers be divided by a third, the quotient will be a fourth 
propordonal to those three numbers. Now as the quesdon is 
resolvable into this, viz. to find a number of the same kind aft 
the second in the statement, and having the same rado to it, 
that the greater of the other two has to the less, op the less has 
to the greater-; and as these two, being of the same denomina- 
don, may be considered as abstract numbers ; it plainly follow^ 
that the fourth number or answer is truly found by muldplying 
the second by one of the other two> and dividing the product. * 
by that which remains, 

4. It is very evident, that, if the answer must be greater than 
the second number, the greater of the other two numbers must 
be the muhiplier, and may occupy the third place ; but, if less, 
the less number must be the muldplier. 

' 5. The reducdon of the second number is only performed 
for convenience in the subsequent muldplicadon and division, 
and not to produce an abstract number* The reason of the re-^- 
ducdon of the quodent, of the remainder after division, and of 
the product of the second and third terms, when it cannot be 
divided by the first is obvious. 

6. If the second and third numbers be multiplied together, 
and the product be divided by the first ; it is evident, that the 
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two remaining numbers on the right of it for the third, ana 
the other on the left for the first number or term ; but if lessr 

answer remadns the same, whether the number comj^ared witi' 
the first be in the second or third place. 

Thus is the propbsed demonstration completed. 

There are four other methods of operation beside the gene- 
ral one given above, any of which, when applicable, performs 
the work much more concisely. They are these : 

1 . Divide the second term by the first, multiply the quotient 
by the third, and the product will be the answer. 

2. Divide the third term by the first, multiply the quotient 
hy the second^ and the product will be the answer* 

3. Divide the first term by the second, divide the third by 
the quotient, and the last quotient will be the answer. 

4. Divide the first term by the third, divide the second by 
the quotient, and the last quotient will be the answer. 

The general rule above given is equivalent to those, which 
are usually given in the direct and inverse rules of t'hree, and 
which are here subjoined. 

The RULE OF THREK DIRECT tcachcs, by having three num« 
bers given, to find a fourth, that shall have the same proportion 
to the third, as the second has to the first. 



« 

1". State the question ; that is, place the numbers so, that 
(he first and third may be the terms of supposition and demandj 
the second of the same kind with the answer required. 

3. Brings the first and third numbers into the same dd^ 
nomination, and the second into the lowest name mentioned. 

3. Multijply the second and third numbers together, aiid dK 
vide the product by the first, and the quotient will be the answer 
to the question, in the same denomination you left the second 
number in ; which may be brought into any other denomina*'. 
tion required. 
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¥hrite the less of the two remaining numbers in the third 
place^ and the other in the first. 



BXAMPLB. 

If 34lb. of raisins cost 6s, 6d. what will 18 frails cost, each 
treighing net 3qrs. Idlb. ? 

S4lb. : 6s. 6d. : : 18 frails, ciach 3qrs» 181b. : 
12 28 

78 102 

816 
102 ' 

1836 
78 



14688 






12852 
24)143208 


19) 

( 5967 




232 


• 




160 


2,0)49,7 


3 


168 


y".2ii 17 


f\ 



Ans, 241. 17s. 3d. _ 

iThe rule is founded on this obvious principle, that the inag^ 
nilude or §uantity of any efiect varies constantly in proportion 
to the Varying part of the cause : thus the quantity of goods 
bought is in proportion to the money laid out ; the space gone 
over by an uniform motion is in proportion to the time, &c* 
The truth of the rule, as applied to ordinary inquiries, may be 
made very evident by attending only to the principles of Com- 
pound Multiplication and Division. ' It is shoiii^n in Multiplica- 
tion of money, that the price of one, multiplied by the quanti- 
ty, is the price of the whole ; and in Division, that the price of 

15 
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3. Multiply the second and third tenns together, divide 
the product by the first, and the quotient will be the answer. 



the whole, divided by the quantity is the price of one. Now,. 
in all cases of valuinj^ goc^ds, he. where one is the first term of 
the proportion, it is plain, that the answer, found by this rulci 
will be the same as that found by Multiplication of money ; and 
where one is tl>e Jast term of the proporrion, it will be the same 
as that found by the Division of money. In like manner, if the 
first term be any number whatevei-, it is plain, that the product 
of the second and third terms will be greater than the true an-^ 
sw«r required by as much as the price in the second term ex- 
ceeds the price of one, or as the first term exceeds an unit. 
Consequently this product divided by the first term will give 
the true answer required, and is the rule. 

There will sometimes be difficulty in separating the parts of 
complicated questions, where two or more statings are requir- 
ed, and in preparing the qXiestions for stating, or after a pro- 
portion is wrought ; but as there can be no general directions 
given for the management of these cases, it must be left to the 
judgment and experience of the learner. 

>The RULE Of three inverse teaches, by having three 
numbers given to find a fourth, that shall have the same pro- 
portion to the second, as the first has to the third. 

If more require morcy or less require lessy the question be- 
longs to the Rule of Three Direct.. 

But if more require le&s^ or less require morey it oelongs to 
the Rule of Three Inverse. 

Note. The meaning of these phrases, " if more require morey 
less require lessy' 8cc. is to be understood thus : more requires 
morcy when the third term is. greater than the first, and requires 
the fourth to be greater than the second ; more requires lessy 
when the third term is greater than the first, and requires the 
fourth to be less than tlie second ; leas requires morey when th^ 
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Note 1. It is sometimes most convenient to multiply 
*5ind divide as in Compound Multiplication and Division ; 



third term is less than the first, and requires the fourth to be 
greater than the second ; and iess requires less, when the third 
term is less than the first> and requires the fouith to be less than 
the second. 

RULE. ^ 

1. State and reduce the terms as in the rule of three direct. 

2. Multiply the first and second terms together, and divide 
their product by the third, and tl>e quotient is the answer to the 
question, in the same denomination you left the second number 
in. 

The method of proof, whether the proportion be direct or 
inverse, is by inverting the questioUv 

EXAMPLE. 

What quantity of shalloon, that is three quarters of a yard 
wid^, will line 7^ yards of cloth, that is \^ yard wide ? 
1yd. 2qrs. : 7yds. 2qrs. : : 3qrs. : 
4 4 



30 
6 



3)180 
4)60 



1 5 yards, the answer. 
The reason of this rule maybe explained from the principles 
of Compound Multiplication and Division, in the same manner 
as the direct rule. jFor exam/ile ; If 6 men can do a piece of 
work in 10 days, in how many days will 1 2 men do it ? 

As 6 men : 10 days : : 12 men: — ; — =sz5 days^ the answer* 

1 w 
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and sometimes it is expedient to multiply and divide aG« 
cording to the rules of vul^r or decimal fractions. But 
when neither of these modes is adopted, reduce the com- 
pound terms, each to the lowest denomination mentioned \t\ 
it, and the first and third to the same denomination ; then 
will the answer be of the same denomination with the second 
term. And the answer may afterward be brought to any 
denomination required. 

Note 2. When there is a remainder after division, re* 
duce it to the denomination next below the last quotient, 
and divide by the same divisor, so shall the quotient be so 
many of the said nesct denomination ; proceed thus, as long 
as there is smy remainder, till it is reduced to,the lowest de- 
nomination, and all the quotients together will be the answer. 
And when the product of the second and third terms cannot 
be divided by the first, consider that product as a remain- 
der after division, and proceed to reduce and divide it in 
the same manner. 

Note 3. If the first term and either the second or third 
pan be divided by any number without a remainder, let 
them be divided, and the quotient used instead of them. 

Direct and inverse proportion are properly only parts of 
the same general rule, and are bot)i included in the preced- 
ing. 

Two or more statings are sonvetimes necessary, which 
may always be, known from the nature of the question. 

The method of proof is by inverting the question. 



And here the product of the first and second terms, that is, 6 
times 10, or 60, is evidently the time, in which one man would 
perform tho work ; therefore 12 men will do it in one twelfth 
part of that time, or 5 days; and this reasoning is applicable tf 
juiy other instance whatever 
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EXAMPLES. 




1, Let it be proposed to find the value of 14oz. 


old, at 31. 19s. tld. an ounce. 




oz. j^. s. d» 


* 

QZ. dwt» 


1 : 3 19 11 : : 


14 8 : 


, 20 20 


20 


flO 79 


288 


12 




959 


\ 


2^8 


\ 


7672 




7673 




1918 





Sdwt, of 



2,0)27619,2 

13809^f pence, or 
12)l3809d. 2,»^q. 
2,0) 11 5,0s. 9d. 2,Vq. 
Ans. 571. 10s. 9d. 2^/^.4. 

Explanation. The three teri;ns being stated by the gen- 
eral rule, as above, the second term is reduced to peace, 
and the third to penny-weights, these being their lowest 
denominations, as directed in the first note. The first term 
is also reduced to dwts^ that it may agree with the third, by 
the same note. The second term is then multiplied by the 
third, and the product divided by the first, according to the 
general rule, when the answer comes out 13809 pence, and 
12 remaining ; which remainder being reduced to farthings, 
and these divided by the same divisor 20, by the second . 
note, the quotient is 2 farthings, 8 remaining. Lastly, the 
pence are divided by 12, to reduce them to shillings, and 
these again by 20 for pounds ; when the final sum cornea 
put 571. I0s» 9d. 2q. for the sui^wer. 



118 SINGLE RULE OF THREE. 

2. How much of that in length which is 4| inches broad^ 
will make a square foot ? 

Breadth. Length. Breadth. 
4 -5 : 12 : : 12 : 

12 

' in. 

4*5)l44'-0(32=2f. 8in. the answer. 

135 



90 
90 



3. At 10|d. per lb. what is the value of a firkin of butter^ 
tontaining 56lb. ? 

lb. d. q. lb. 

1 : 10 2 : : 56 : 
56=8X7 8 



7 
7 



jf 2 9 O O the answer. 

Or thus : 
lb. d. d. lb. 

j. : 10J=V : : V '• 

y XV=Vy- =588d.=49s.=2l. 9s. as before. 

Or thus : 
lb. d. lb. 

1 : 10 -5 : : 56 : 

10*5 



280 
560 



12)588*0 
2,0)4,9 
^2 9 as before* 
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4. If -f of a yard cost -j^y of a pound, what will -fj of an 
English ell cost ? 

First I of a yard = | of 4 of | =£^ll2ll=»| of an elL 

Then ^f ell : -/^l. : : -fj ell : 

5 

as—^ X X ^5 ^ 

i;ixigx 12 
2 3 

=9s. 8d. f the answer. 

5. If 4 of a yard cost f of a pound, what will ^ af an 
English ell cost i 

I = -375 
I = -41. 



And Ax^X||=l ,7^;:,-/:^ z^^ 



Jell=^Vyd.= •3125 
'3r5yd. ; •^. :: •3125yd. 
•3125 



'3r5)'12500(*333, &c.=6s. 8d. the answer, 
1125 

1250 
tl25 



1250 
X125 

125 

6. What is the value of a cwt. of sugar at 5|d. per lb, ? 

Ans. 21. lis. 4d« 

7* What is the value of a chaldron of coals at ll^d. per 

bushel ? Ans. IL 14s. 6d« 

8. What is the value of a pipe of wine at lO^d. per pint? 

Ans. 441. 2s* 

9* At 3l. 98. per cwt. what is the value of a pack of wool, 

weighing 2cwt. 2qrs. 13lb. Ans. 91. 6d. •^\. 
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10* Wkat 18 the value of l^cwu of coffee at 5|(L p^^ 
ounce I Ans* Oil* 12s« 

11. Bought 3 casks of raisins, each weighing 2cwt«2qrs.r 

25lbtf what will they come to at 2L Is* 8(L per cwt. ? 

Ab8# iri-4|d. ^tV- 

12. What is the value of 2qrs« Inl* of velvet at 19s. {>|cL 
|)er English ell ? Abs. 8s« lO^d* |^. 

13. Bought 12 pockets of hops, each weighing Icwt* 2qrs. 
17lb. ; what do they come to at 41. Is. 4d. per cwt. ^ 

Ans. 801. 12s. l|d. -^j4 

14. What is the ta3^ upon f4SL 14s. 6d. at 3s. 6d. in the 
pound ? Ans. 1301. 10s. 0|d. ^W^. 

15. If 4 of a yard of velvet cost 7s« 3d. how many yards 
can 1 buy for 131. 15s. 6d. ? Ans. 28| yards.* 

« 

16. If an ingot of gold, weighmg 9}ih 9oz. 12dwt. be 
worth 4*1 IL 12s. what is that pef grain I Ans. l|d. 

17. How many quarters of corn can I buy for 140 dol- 
lars at 4s. per.bu^el i Ans.^ 26qrs. 2bu. 

18. Bought 4 bales of cloth> each containing 6 pieces, and 
each piece 27 yards, at 161. 4s. per piece ; what is the value 
of the whole, and the fate per yard f 

Ans. 3881. 16s. at 12s. per yard* 

19. If an ounce of silver be worth 5s. 6d. what is the 
price of a tankard, that weighs lib. lOoz. lOdwt. 4gr. i 

Ans. 61. 3s. 9|d. -/-^Tf. 

20. What is th^e half year's rent of 547 acres of land at 

15s. 6d. per acre i 

Ans. 2111. 19s. 3d. 

21* At 1*75D. per week, how many months' board can I 

have for lOOl. ^ Ans. 47m. 2w y*/^. 

22. Bought 1000 Flemish ells of cloth for 901. how must 
I sell it per ell in Boston to gain lOl. by the whole ?' 

Ans. 3s. 4d. 

23. Suppose a gentleman's income is 1750 dollars a year^ 
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and he spends 198. 7d. per day, one day with another, how 
much will he have saved at the year's end i 

Ans. 1671 12s. Id. 

24. What is the value of 172 pigs of le^d, each weighing 
3cwt. 2qrs. 17\\h. at 8l. ITs. 6d. per fother of IQ^cwt. ? 

Ans. 2861. 4s. 4^d. 

25. The rents of a whole parish aiftount to 17501. and a 
rate is granted of 32L 16s. 6d. what is that in the pound ^ 

Ans. 4id. :^nU^ 

26. If keeping for my horse be ll^d. per day, what will 
be the charge of 11 horses for the year i 

Ans. 1921. 7s. Sjd. 

27. A person breaking owes in all 149Cd. 5s. lOd. and has 
in money,, goods, and recoverable debts, 7841. 17s. 4d. if 
these things be delivered to his creditors, what will they get 
in the pound ? Ans. 10s« 6|d. |^?|4* 

28. What must 40$. pay toward a tait, when 6521. 1 3s. 4d^ 
is assessed at 83l. 12s. 4d. i Ans. 5S. l^d. 4tt1I* 

29* Bought 3 tuns of oil for 1511. 14s. 85 gallons of which 
being damaged, I desire to know how I may sell the remain- 
der per gallon, so as neither to gain nor lose by the bargain ? 

Ans. 4s. 6^d. ^y^' 

30. What quantity of water must I add to a pipe of 
mountain wine, valued at 331. to reduce the first cost to 4s. 
6d. per gallon i Ans. 20| gallons^ 

31. If 15 ells of stuff, I yard wide, cost 37s. 6d. what will 
40 ells of the same stuff cost, being yard wide ? 

Ans. 61. 13s. 4d. 

32. Shipped for Barbadoes 500 pairs of stockings at 3s. 
6d. per pair, and 1650 yards of baize at Is. 3d. per yard, 
and have received in return 34$ gallons of rum at 6s. 8d. 

1t6 
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per gallon, and 750lb» of indigo at Is* 4d« per lb. what re^ 
mains due upon my adrenture ? Ans. 24L 128. 6d« 

33. If 100 workmen can finish a piece of work in 1 2 days, 
how many are sufficient to do the same in 3 days i 

Ans» 400 men* 

34. How many yards of matting, 2ft. Gin. broad, will cov- 
er a floor, that is d/fiu long, and 20ft* broad i 

Ans* 72 yards. 

35* How many yards of cloth, 3qrs* wide, are equal in 
measure to 30 yards, 5qrs. wide i Ans* 50 yards. 

36. A borrowed of his friend B 250L for 7 months, prom* 
isiog to do him the like kindness ; sometime after B had oc- 
casion for 3001. how long may he keep itto receive full a- 
mends for the favor ? 

Ans* S months and 25 days* 

37* If, when the price of a bushel of wheat is 6s* 3d* the 
penny loaf weigh 9oz, what ought it to weigh when wheat 
is at 8s. 2|d. per bushel f Ans* 6oz» 13dr» 

3«*-' If 4^cwt. may be carried 36 miles for 35 shillings, 
how many pounds can I have carried 20 miles for the same 
money i Ans. 9071b. ^\« 

39. How many yards of canvass, that is ell wide, wiUline 
20 yards of say, that is 3qrs* wide ? Ans. 12yds. 

40. If 30 men can perform a piece of work in 11 days, 
how many men will accomjdish another piece of work, 4 
times as big, in a fifth part of the time i Ans. 600. 

41. A wall, that is to be built to the height of S7 feet, was 
raised 9 feet by 12 men in 6 days ; how many men must be 
employed to finish the wall in 4 days at the same rate of 
working ? Ans; 36» 

42. If 40Z* cost IJl. what wiH I02* cost ? 

Ans. 11* 5s. 8d* 
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43. If fV o^ A ^bip cost ^731. 2s» 6d. what is -/^ of her 
worth? Ans. 227L 12s« Id. 

44. At l^L per cwt. what does 3-|lb. come to ? 

Ans. 10|d. 

45. If { of a gallon cost -fl* what will f of a tun cost ? 

Ans. 140L 

46* A person, having | of a coal mine, sells | of his share 
for 1711. what is the whole mine worth ? 

Ans. 3801. 

. 47. If, when the days are 13| hours long, a tra.veller per« 
form his journey in ZS^ days ; in how many days will he 
perform the same journey, when the days are 1 l-j^ hours 
long ? Ans. 40|4i ^^7^^ 

48. A regiment of soldiers, consisting of 976 men, are to 
be new clothed, each coat to contain 2\ yards of cloth, that 
is ifyd. wide, and to be lined with shalloon, ^yd. wide ; how 
many yards of shalloon will line them ? 

Ans. 4531yds. Iqr. 24nl. 



I' 



PRACTICE. 

Practic b is a contraction of the Rule of Three, when the 
iirst term happens to be an unit, or one ; and has its name 
from its daily use among merchants and tradesmen, being an 
easy and concise method of Working most questions, that oc* 
cur in trade and business. 

The method of proof is by the Rule of Three. 

An aliquot part of any number is such a part of it, as, be- 
ing taken a certain number of times, exactly makes that 
number. . « 
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GENERAL RULE** 

1* Suppose the price pf the given quantity to be IL l9« or 
ld« as is most convenient ; then will the quantity itself be 
the answer, at the supposed price. 

2. Divide the g^ven price into aliquot parts, either of the 
supposed price, or of one another, and the sum of the quo- 
tients, belonging to each, will jbe the true answer required* 

Note 1* When there is any fractional part, or inferior de- 
nomination of the quantity, take the same part of the price, 
that the given fraction, or inferior denomination, is of the 
unit, of which the price is given, $uid add it to the price of 
the whole number* 

Note 2* The rule of PracUce i% nearly superseded by thf 
use of Federal Money* 

What is the value of 526 yards of cloth at 3s* lO^d. pef: 

yard? 

5261* Ans* at ll* 



3s. 4d. is I = 87 13 4 do* at Q 3s* 4df 
4d* isj^sB 8 15 4 do* at 4 

2d* is I = 4 r 8 do* at 2 

id* is I = O 10 11^ do* at Oj 

lot 7 3| do. at 3 10| the full price* 

Alls. lOll. 7s.;3jd* 



■r^ 



• The rule will be rendered very evident by an explanation of 
the example. In this example it is plain, that the quantity 526 
is the answer at 11. consequently, as 3s. 4d. is the | of 11. \ of 
that quantity, or 87L ISs. 4d* is the price at 38. 4d. In like 
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By Federal Money* 
At j8 0*6423 per yard. 

38538 
12846 
32115 



5533r»8498 Answer. 

Q. 8c wt. 2qrs. 16lb. at 21. 5s. 6d. 

8 





18 4 


2qrs. is | 


12 9 


141b. is 1 


5 8| 


21U is ^ 


9| 



19L 13s. 3d. the answer* 

3. 52y5 yards at 2d. Ans. 43l. 19s. 2d. 

4. 17/6 yards at 3d. Ans. 32U4s. 

5. 27 S^ at 2s. 6d. Ans. 341. 3s. l|d. 

6. 937^ at 31. 17s. 8d. Ans. 36401. 12s. 6d. 



manner, as 4d. is -^^ of 3s. 4d. so -^^ of 871. 13s. 4d. or 81. 15s. 
4d. is the smswer at 4d. And by reasoning in this way 41. 7s. 
3d. will be shown to be the pr}ce at 2d. and l.Os. 1 l^d. the price 
at 1.— Now as the sum of all these parts is equal to the whole 
price'(38. 40|d.) so the sum of the answers^ belonging to each 
price, will be the answer at the full price required. And the 
same will be true in anf e;cample whatever. 
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TARE AND TRETT. 

Tare and Trett are practical rules for deducting cer- 
tain allowances, which are made by merchants and trades- 
men in selling their goods by weight* 

Tare is an allowance, made to the buyer, for the weight 
of the box, barrel, or bag, &c. which contains the goods 
bought, and is either at so much per box, &c. at so much 
per cwt. or at so much in the gross weight. 

TretC is an allowance of 4lb* in every 1041b. for mraste, 
dust, Sec. 

Clqff' is an allowance of 2lb« upon every Scwt. 

Gross weight is the whole weight of any sort of goods, to- 
gether with the box, barrel, or bag, &c. that contains them. 

. Suttle is the weight, when part of the allowance is deduct* 
ed from the gross. 

Net weight is what remains after all allowances are made. 

CASE 1. 

When the tare is a certain weight per boXj barrel^ or bagy &?c. 

RULE.* 

Multiply the number of boxes, or barrels, &c. by the tare, 
and subtract the product from the gross, and the remainder 
is the net weight required. 



* It is manifest, that this, as well as every other case in this 
rule, is only an application of the rules of Proportion and Frac* 
tice. 



TARE AND TRETT. 137 



EXAMPLES. 



t. In 7 frails of raisins, €ach weighing 5cwt* 2qrs» 5lb. 
gross, tare 23lb« per frail, how much net i 

23X7=lcwt. Iqr. 211b, 

cwt« qrs* lb* 
5 2$ 



»m«a 



38 3 7 gross. 
1 1 21 tare. 



37 1 14 tlie answer. 

2. In 241 barrels of figs, each 3qrs. 19lb. gross, tare lOlb. 
per barrel, how many pounds net ? Ans. 22413. 

3. What is the net weight of 14 hogsheads of tobacco, 
each 5cwt. 2qrs. 17lb. gross, tare lOOlb. per hhd.? 

Ans. 66cwt. 2qrs. 14lb. 

CASE 2. 
When the tare is a certain weight per crvt» 

RULE. 

Divide the gross weight by the aliquot parts of a cwt. con- 
tained in the tare, and subtract the quotient from the gross, 
and the remainder is the net weight. 

EXAMPLES. 

1. Gross 173cwt. 3qrs. 17lb. tare 16lb. per cwt. how much 
net ? 
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cwU qrs. lb. 

17S 3 17 gross. 

141b. is i 21 2 26 
2lb.i8^ 3 11 

24 S 9 



149 O 8 the answer. 

2. What is the net weight of 7 barrels of pot-ash, each 
weighing 2011b. gross, tare being at lOlb. per cwt. ^ 

Ans. 12811b. 6oz. 

3. In 25 barrels of figs, each 2c wt. Iqr. gross, tare 161b. 
per cwt. how much net ? Ans. 48cwt. 24Ib. 

CASE 3. 

When Trett is allowed with Tare. 

RULE. 

Divide the suttle weight by 26, and the quotient is the 
trett, which subtract from the suttle, and the remainder is 
the net weight. 

EXAMPLES. 

1« In 9cwt. 2qrs. 17lb. gross, tare 37lb. and trett as usual^ 
how much net i 

cwt. qrs. lb* 

9 2 17 gross. 
O 1 9 tare. 



26)9 1 8 suttle. 
1 11 trett. 



8 3 25 the answer. 
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2« In 7 casks of primes, each weig^g 3cwU Iqn 5Hi« 
gross, tare If^Ib* per cwt* aad trett as usual, how much 
net i Ana. IScwt. 2qrs* 35lb« 

d«^ What is the net weight of 3 hogsheads of sugar weigh- 
ing as follows : the first, 4cwt. 5lb« gross, tare 73lb« the 
second, 3cwt. 2qrs. gross, tare 5tilb. and the third, 2cwt. 
3qrs. ITlb. gross, tare 4rlb. and allowing trett to each as 
usual i Ans. 8cwt» 2qra* 4lb« 

CASE 4. 

When tarcy tretty (mdchjfare all allowed, 

R0LE, 

Deduct the tare and trett, as before, and divide the suttle 
by 168, and the quotient is the clofF, which subtract from the 
sutde, and the remainder is the net. 

EXAMPLES. 

1. What is the net weight of a hhd. of tobacco, weighing 
15.cwt. 3qrs. 20lb. gross, tare 7lb« per cwt. and trett and 
clofif as usual ? 

cwt. qrs. lb. 
15 3 30 gross. 
Tib. is -2^ 3 27 tare. 

26)14 3 21 

2 8 trett. 



168)14 1 13 suttle. 

9 cloff. 



14 1 4 the answer* 
17 
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d. In 19 chests of sugar, each containing 13cwt« Iqr, 171b* 
grosS) tare 13lb. per cwt« and trett and clo£f as usual, how 
much net, and what is the value at 5|d. per pound ? 



Ads, 215cwt. ITlb- and value 5771. 6s. S\d. \/ 

' A 



.• 



-i 



■tin 



COMPOUND PROPORTION, 

OB. 

DOUBLE RULE OF THREE. 

Compound Proportion teaches how toi-esolve such ques* 
tions, as require two or mor^ statings in Simple Proportio&r 

In these questions there is always given an odd ftumber 
of terms, as five, seven, or nine, Sec. These are distinguish' 
ed into temiB of supposition^ and terma of demand^ the num- 
ber of the former always exceeding that of the latter by one, 
which is of the same kind with the term or answer sought* 

This rule is often named the Double RiUe of Three^ be- 
cause its questions are sometimes performed by two opera- 
tions of the Rule of Three* 

RULE* FOR STATING. 

1. Write the teem of supposition, which is of the same 
kind with the answer, for the naiddle term. 



• * The reason of this rule for stating, and of the methods of 
operation, may be easily shown from the nature of Simple Pro- 
portion ; for every line in this case is a pardcular stadng in that 
rule. And therefoce with respeet to the second method, it is 
evident, that, if all the sepasate dividends be collected into one 
dividend, and all the divisors into one divisor,, tteir quotient 
must be the answer sought. 



'*' 
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SU Take one of the other terms of supposition, and out of 
ithe demanding terms of the same kind with it ; then place 
one of them for a first term, and the other for a third, ac« 
■cording to the directions given in the Rule of Three. Do 
the same with another term of supposition and its correspon- 
dent demanding term ; and so on, if there be more terms of 
each kind; writing the terms under each other, which fall 
on the same side of the middle term. 

METHOD OF OPERATIOK. 

1* By ^er€ti operatiom.-^Tdke the two upper terms and 
the middle term, in the same o^der as they stand, for the first 
statii^g of the Rule of Three ; then take the fourth number, 
resulting from the first stating, for the middle term, and tlie 
two next terms in the general stating, in the same order as 
they stand, for the extreme terms of the second stadng ; and 
so on, as far as there are any numbers in the general stating, 
always making the fourth number, resulting from each sim- 
ple stating, the second term of the next. So shall the last 
resullang number be the answer required. 

2. Bi/ one o/^rr^ff^n.— Multiply together all the terms in 
the first place, and also all the terms in the third place* Then 
multiply the latter product by the middle term, and divide 
the result by the former product ; and the quotient will be 
the answer required. • 

Note 1. It is generally best to work by the latter me- 
thod, namely, by one operation. And after the stating, and 
before the commencement of the operation, if one of the first 
terms, and either the middle term, or one of the last terms, 
can be exacdy divided by one and the same number, let them 
be divided, and the quotients used instead of them ; which 
will much shorten the work. 



lit DOUBLE RULE OF THREE. 

Note 2. The first and third teimt of each Une, if of dif- 
ferent denominations^ must be reduced to the same denomi* 
nation* 

EXAMPLES. 

!• How many men can complete a trench of 155 yards 
long in 8 days, provided 16 men can dig 54 yards in 6 days i 

GENERAL STATING. 

54 yds. or 2 1 ^^ . / 135 yds. or 5 1 

8days,or4/ * ^® °*^^ " ' 1 6 days, or 3/ ' 

riRST METHOD. 

yds* men. yds. days. men. days. 
54r4-2r=s2 2 : 16 : : 5 : 4 : 40 : : 3 : 

135-*-Sr=:5 5 3 

% 

2)80(40 men. 4)i20(30men, answer. 
8 12 



SE:CON0 METHOD. 



1} = «-{?} = 



s •^ 



8 : 16 : : 15 ; 

15 



% ^ 






80 
16 



8)240(30 men) the answer as before. 
24 



/ 
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2* If lOOL in one year gain 5l. interest, what will be the 

interest of 750L for seven years ? 

Ans. 2631. 10s. 

3. What principal will gain 262L lOs. in 7 years, at ^L 
per cent, per annum f Ans. 7501. 

4. If a footman travel 130 miles in 3 days, when the days 
are 12 hours long; in how many days, of 10 hours each, 
may he travel 360 miles ? Ans. 9fj' dajrs. 

5. If 120 bushels of com can serve 14 horses 56 days ; 
how many days will 94 bushels serve 6 horses ? 

Ans. 102^)- days. 

6. If 7oz. 5dwts. of bread be bought at 4|d. when com 
is at 4s. 2d. per bushel, what weight of it may be bought 
for Is. 2d. when the price of the bushel is 5s. 6d. i 

Ans. lib. 4oz. 3^^dwts* 

7. If the carriage of I3cwt. Iqr. for 72 miles be 2l. 10s. 
6d. what will be the carriage of 7cwt. Sqfs. for 112 miles ? 

Ans. 2l. 5s. lid. ^tVt^' 

8. A wall, to be built to the height of 27 feet, was raised 
to the height of 9 feet by 12 men in 6 days ; how many men 
must be employed to finish the wall in 4 days, at the same 
rate of working ? Ans. 36 men. 

9. If a regiment of soldiers, consisting of 939 men, can 
eat up 351 quarters of wheat in 7 months ; how many sol- 
diers will eat up 1464 quarters in 5 months, at that rate ? 

Ans. 5483y\^. 

10. If 248 men, in 5 days of 11 hours each, dig a trench 
230 yards long, 3 wide and 2 deep ; in how many dajrs of 
9 hours long, wilt 24 men dig a trench of 420 yards long, 5 
wide and 3 deep ? Aqs. 2BS/J^. 



IM CONJOINED PROPORTION. 

CONJOINED PROPORTION. 

Conjoined Proportion is when the coins, weights, of 
measures, of several countries are compared in the same 
question ; or it is the joining together of several ratios, and 
the inferring of the ratio of the first antecedent and the last 
consequent from the ratios of the several antecedents and 
their respective consequents. 

Note !• The solution of questions, under this rule, may 
frequently be much shortened by cancelling equal numbers, 
when in both the columns, or in the first column and third 
term, and abbreviating those, that are commensurable* 

Note 2. The proof is by so many statements in the Sin* 
gle Rule of Three, as the nature of the questi<m reqvures* 

CASS U 

tVAen it is required to ^nd koto many of the last iindqfcoin^ 
xveight<^ or measure^ mentioned in the question^ are equal 
to a given number of the first. 

RULB. 

1. Multiply continually together the antecedents for the 
first term, and the consequents for the second, and make the 
^ven number the third. 

2« Then find the fourth term, or proportional, which will 
be the answer required. 

BXA.1IPLBS* 

1. If lOlb. at Boston make ^b. at Amsterdam ; 90lb. at 
Amsterdam, 1121b. at Thoulouse ; how many pounds at 
Thoulouse Jire equal to 50lb. at Boston \ 
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Ant. 


Cons. 




10 


: 9 




90 


: 112 




900 


: 1008 :: 


50 




50 


\ 




)50400(56 


the answer 




4500 


V • 




5400 




• 


5400 





Or by abbreviation: ' 

10 : 9 :: 50 10 : 1 :: 5^ 1 : 1 :; 5 
90 ; 112 10 : 112* 10 : 112 2 : il2 :: 1 : 56. 

56 the answer.^ 

2. If 20 braces at Leghorn be equal to 10 vares at Lis- 
bon ; 40 vares at Lisbon to 80 braces at Lucca ; how ma*^ 
ny braces at Lucca are equal to 100 braces at Leghorn i 

Ans. 100 braces* 

CASE 2. 

When it is required to jfind how many of the first kind of 
coin^ weighty or measure^ mentioned in the question^ are 
equal to a given number of the last. 



* In performing this example} tlie first abbreviation is ob« 
tained by dividing 90 and 9 by their common measure 9 ; the 
second by dividing 10 and 50 by their common measure 10 ; 
the third by dividing 10 and 5 by their common measure S i 
and the fourth, or an&weri by dividing 3 and 1 13 by their coni»- 
mon measure 3. 
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Proceed as in the first case, only make the product of the 
consequents the first term, and that of the antecedents the 
second* 

XXAXPLBS. 

1. If lOOlb. in America make 95lb. Flemiah ; and 19Ib. 
Fkmish, 25lb. at Bolognia ; how inany pounds in America 
are equal to 50lb. at Bolognia • 

Cons. Ant. 
95 : 100 
25 : 19 

475 
190 

Vi375 : 1900 : : 50 : 

50 



)95000(401b. the answer. 
9500, 



Or by abbreviation. 

95 : 100 5 : 100 5:4 

"^5 : 19 :: 50 25 : 1 :: 50 1:1 :: 50 1 : 4 :: 10 : 

4 

Ans* 40lb. 

2. If 25lb. fl^ Boston be 22lbi at Nuremburg ; 88lb. at 

Nuremburg, 921b. at Hamburgh ; 46lb. at Hamburgh, 491b. 

at Lyons ; how many pounds at Boston are equal to 98lU 

at Lyons ? 

Alls. lOOlb. 
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'3. If 6 braces at Leghorn make 3 ells English ; 5 ells 
English, 9 braces at Venice ; how many braces at Leghorn 
will make 45 braces at Venice i - Ans. 50 braces.* 
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Fellowship is a general rule, by which merchants, &c. 
tl'ading in company, with a jpint istock, determine each per- 
son's particttlar share of the gain or loss in proportion to his 
ishare in the joint stock. 

By this rule a bankrupt's estate may be divided among 
liis creditors ; as also legacies adjusted, when there is a de- 
jficiency of assets or effects. 

SINGLE FELLOWSHIP. 

Single Fellowship is when different stocks are employed 
for any certain equal time* 

aULB."^ 

- As the whole stock is to the whole gain or loss, so is each 

* Barter is the exchanging of one commodity for another, 
und directs traders so to proportion their goods, that neither 
party may sustain loss. 

Lo89 and Gain is a rule, that discovers what is got or lost in 
the buying or selling of goods ; and instructs merchants and 
traders to raise or lower the price of their goods, so as to gain 
<^r lose a certain sum per cent. &c. 

Quesdonsin these rules are performed by the Rule of Threes 

^ That the gain or lossf in this rulet is in propordon to their 

U 
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itfan^s particular stock to his particular share of the gaun or 
loss* 

HETHOD or PROOr. 

Add all the shares together, and the sum will be equal to 
the gain or loss^ when the question is right. 

EXAMPLES* 

1. Two persons trade together ; A put into stock Si 30 
and B B220, and they gained 8500 ; what is each person's 
share thereof i 

130 
220 

350 : 500 :; 130 

500 



35,0)6500,0(1 85-riif 
35 

300 
280 

200 

ir5 

250 
245 

50 
35 

15 

Stocks is evident : for, as the times the stocks are in trade are 
equal) if I put in ^ of the whole 8tock> I ought to have ^ of the 
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500 



35,0)1 10CX>,0(dl4*28|| 



I 



I 



105" 



SO 
35 

150 
140 

100 
70 

300 
280 

SO 



gl85-rm=A's share* 
314-28|J=B's share 

g500-oa'-the proof* 

2. A and B have gained by trading gl82. A put into 

■ stock gSOO and B g400 ; what is each person's share of the 

proBt? Ans. A grs and B 8104. 



whole gab ; if my part of tlie whole stock be ^^ my share of th^ 
whole gain or loss ought to be ^ also. And generally, if I put 
in J of the stock, I ought to ha?e i part of the whole gam or 
loss ; that is, the same ratio, that the whole stock has to the 
whole gain or loss, must each person's particular stock have to 
bis particular gain or loss. 
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3. Divide jSl20 between three perBons, so that their sharo$. 
shall be to each other as 1, 2, and 3 respectively. ' 

Ans. 820, 840, and 860% 

4. Three persons make a joint stock.. A put in 8185-66, 
B 898*50, and C 876*85 ; they trade and gain Sfl22 ; what 
18 each person's share of the gain ? 

Ans. A 8104-17„Virr> » ^^O'^r^VAVS^ C 84r-25|J|^. 

5. Three merchants. A, B, and C, freight a ship with 340 
tuns of wine ; A loaded 110 tuns, B 97, and C the rest. Ii^ 
a storm the seamen wer^ obliged to throw BS tuns' over- 
board ; how much must oach sustain of the loss ? 

Ans. A 27^, B 24|, and C 35|. 

6. A ship worth 8S60 being entirely lost, of which ^ be- 
longed to A, ^ to B, and the rest to C ; what loss will each 
sustain, supposing 8^00 of her to be insured ? 

Ans. A 845, B 890, and C 8225. 

7. A bankrupt is indebted to A 8277*33, to B 8305*} 7^ 
to C 8152, and to D 8105. His estate is worth only 8677* 
50 ; bow must it be divided i 

Ans. A 8223-81IIII, B S246-28/5Vj« 
C 8122-66f||f , and D !584-73|f||. 

8« A and B, venturing eq[ual sums of money, clear by 
joint trade 8154. ' By agreement A was to have 8 per cent, 
because he spent his time in the execution of the project, 
and B was to have only 5 per cent. ; what was A allowed 
for his trouble ? Ans. 835'53|-J. 
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double; fellowship. . 

» 

Doubk Fellowship is when different or equal stocks ar^ 
employed for different times. 

Multiply each man's stock into the time of its pontinu- 
inc^, then say. 

As the total sum of aU the products is to the whole gain 
or loss, 

So is each man's particular product to his particular share 
of the gain 91* loss. 

EXAMPLES. 

1. A and B hold ^ piece of ground in common, for which 
they are to pay ^36. A put in 23 oxen for 27 days, and B 
21 oxen for ZS days ; ^hat part of |he rent ought each naan 
to pay ? 



• Mr. Malcom, Mr. Ward, and several other authors have 
giveii an analytical investigation of this rule ; but the most gen- 
eral and elegant method perhaps is that, which Dr. Hutton has 
given in his Arithmetic, naipely, 

When the times are equal, the shares of the gain or loss are 
evidently as the stocks, as in Single Fellowship ; and when the 
stocks are equal, the shareware as the times ; wherefore, when 
neither are equals tha shares must be as their products. 
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23X2rs:621 
21X35=735 

1356 
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1356 : 36 : : 621 



: 36 : : 
621 

36 
72 

216 

"•^^••^■^^ 

1 356)22356(1 6*4&jWV 
1356 



1356 : 36 : : 735 : 

735 



8796 
8136 



6600 
5424 

11760 
10848 

••— "lii— * 

91? 



i J.. 



180 
108 
252 


• 

• 


1 


26460(19 
1356 


r' 


12900 
12204 




6960 
^780 


8516.48t%VV=A's share, 
19*51^yy=B's share, 


1800 
1356 


836O0 the propff 

« 



p 



# 
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d. Three graziers hired a piece of land for S60*50. A 
put in 5 sheep for 4| months, B put in 8 for 5 naonths, and 
C put in 9 for 6^ months ; how much must each pay of the 
rent ? Ans, A gll-25, B g20, and C g29'25. 

3. Two merchants enter into partnership for 18 months ; 
A put into stock at first S200, and at the end of 8 months 
he put in Si 00 more ; B put in at first tSSO^ and at the end 
of 4 months took out $140. Now at the expiration of the 
time they find they have gained S526 ; what is each man's 
just share ? Ans. A's $192-95 jl^-^. 

B's 333*04m$* 

4. A, with a capital of 8 1000 began trade January 1, 
1776, and meeting with success in business he took in B as 
a partner, with a capital of S1500 on the first of March fol- 
lowing. Three tnonths after that they admit C as a third 
partner, who brought into stock S2800, and after trading to- 
gether till the first of the next year, they find the gain, since 
A commenced business, to be Si 776*50* How must this 
be divided among th&partners i 

Ans. A's lg457*46||.^ 
B's 571-83|f|. 
C's 747-194JJ. 



ALLIGATION. 

Alligation teaches how to mix several simples of dif- 
ferent <{ualities, so that the composition may be of a mid- 
dle quality ; and is commonly distinguished into two princi- 
pal cases, called Alligation me(Ual and Alligation alternate^ 
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ALLIGATION MEDIAL. 

Alligation medial is the method of finding the rate of thft 
compound, from having the rates jind quantities of the sev- 
eral simples given. 

EULE.* 

Multiply each quantity by its rate ; then divide the aum 
of the products by the sum of the quantities, pr the whole 
composition, and the quotient will be the rate of the com<^ 
pound required. 

EXAMPLES. 

!• Suppose 15 bushels of wheat at 5s. per bushel, and 19 
bushels of rye at 3s« 6d. per bushel were mixed together ; 
how must the compound be sold per bushel without loss ox 
gain? 



* The truth of this rule is too evident to need a demonstra"* 
tion. 

» 
■ 

NoTB. If an ounce or any othel> Quantity of pure gold be 
seduced into 34 oqual parts, these paHs a^^ called carats ; but 
gold is often mix^ with some baser metd, which is called the 
alloy) and the u^xture is said to be of so many carats fine^ ac* 
cording to the proportion of pure gpld contained in it ; thus, if . ^ 

S3 carats of pure ^Id and 3 of alloy be mixed together, it is 
said to be 33 carats fine* 

If any pne of the simples be of little or no value with respect 
to the rest, its rate is supposed to^be nothing, as water ]|ii;Leii 
with wine, and alloy with gold or silver. 
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66 


42 






15 


15 

< 


12 






12 


soo 


504 






27 


^0 

» 


900 










27)l404(52d.: 


=4i. 


4d. the 


answer; 
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54 




i 


i 


1 


54 









I 

^. A composition being made of 5lb. of tea at 7s. ptv 
pound, 9lb. at 8s. 6d. per pound, and 14^1b. at 5s» lOd. per 
pound, what is a pound of it worth f Ans. 6s* lO^d. 

3. Mixed 4 gallons of wine at 4s. lOd- per gallon, with 7 
gallons at 5s. 3d. per gallon, and 9| gallons at 5s. 8d. per 
gallon ; what is k gallon of this composition wortl^ ? 

Ans. 5s. 4-|d. 

4. A goldsmith meSs Sib. 5^oz. of gold bullion of 14 
carats fine, with 12lb. 8^oz. of 18 carats fine ; how manjr 
carats fine is this mixture ^ Ans. 16^^ carats* 

5. A refiner melts lOlb. of gold of 20 carats fine with 
16lb. of 18 carats fine ; how much alloy must he put to it to 
make it 22 carats fine ?• ' 

Ans. It is not fine'enough by 3^^ carats, so that ho alloy 

must be put to it^ but more gold. ' , 

>• ■ ' 

ALLEGATION ALTERNATE. 

AUig-ation alternate is the method of finding what quan- 
tity of any number of simples, whose rates are given, will 
compose a mixture of a given rate ; so that it is the reverse 

of Alligation medial, and may be proved bv it* 

19 ' 
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RULE 1.* 

!• Write the rate» of the simples in a column under each 
other. 

2. Connect or link with a continued Une the rate of each 
simple^ which is less than that of the compound, with one or 
any number of those, that are greater than the compound ; 
and each greater rate with one or any number of the less* 

3. Write the diSerence between the mixture rate and 

-' ■ ■ — • • 

* Demonstration. By connecting the less*^ rate to the 
greater, and placing the differences between them and the mean 
rate alternately, the quantities resulting are such, that there is 
precisely as much gained by one quantity as is lost by the other, 
and therefore the gain and loss upon the whole are equal, and 
are exacti v the proposed rate ; and the same will be true of any 
other two simples, managed according to the rule. 

In like manner, let the number of simples be what it may^ 
and with how many soever each is linked, since it is always a less> 
with a greater than the mean price, there will be an equal bal- 
ance of loss and gain between every two, and consequently aii^ 
equal balance on the whole. Q. £. D. 

It is obvioiut fi'om the rble, that questions of this sort admit 
of a great variety of answers ; for having found one answer, we 
may find as many more as we please, by only multiplying or di- 
viding each of the quantities found by 3, 3, or 4, &c. the reason 
of which is evident } for, if two q^antities of two simples make 
a balance of loss and gain, with respect tOr the mean price, so 
must also the double or treble, the | or i part, or any other ra- 
tio of these quantities, and so on^ ad iT\finitum^ 

Questions of this kind are called by algebraists indeterminate 
or unlimited problems, and by an analytical process theorems 
may be raised, that will give all the fiossidle answers. 

00 
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Aat of each of the simples opposite to the rates, with which 
they are respectively linked* 

4. Then if only one difference stand against any rate, it 
will be the quantity belonging to that rate ; but if there be 
several, their sum will be the quantity. 



SXAMFLEt< 



%• A merchant would mix wines at 14s. 19s. 15s. and 22s. 
per gallon, so that the mixture may be worth 18s. the gal* 
Ion ; what quantity of each must be taken ? 



ri4- 

19- 
22- 






4 at 14s. 
1 at 15s. 

3 at 19s. 

4 at 22$« 

Or thus ; 



/ . 



18^ 



14- 



15— 



*• 



19— 
L22- 



1+4 
1 

4+3 
4 



5 at 14s* 
1 at 155* 

7 at 19s. 
4 at 22s. 



; 



2. How much wine at 6s. per gallon and at 4s. per gallon 
must be mixed together, that the composition may be worth 
5s. per gallon ? 

Ans* 12 gallons, or equal quantities of each* 

3. How much com at 2s* 6d* 3s. 8$/ 4s. and 4s. 8d. per 
bushel must be mixed together, that the compound may be 
worth 3s. lOd. per bushel ? 

Ans. 13 at 2s, 6d» 12 at 3s. 8d. 1 8 at 4s. and 1 8 at 4s. 8d. 

4. A goldsmith has gold of 17, 18, 22, and 24 carats fine ; 
bow much must be taken of each to make it 21 carats fine i 

Ans* 3 of IT) 1 of 18, 3 of 22, and 4 of 24« 



us ALLIGATION ALTERNATE. 

5* It is required to mix brandy at Ss. wine at Vs» cider at 
Is* and water at per gallon together, so that the mixture 
may be worth 5s. per gallon ? 

Ans. 9 of brandy, 9 of wine, S of cider, and 5 of water. 

^ULE 2.* 

When the whole composition is limited to a certain quanti-^ 
tj/j find ^n answer as before by linking ^ then say as the sum 
of the quantities, or differences thus determined, is to the 
given quanti^, so is each ingredient, found by linking, to 
the required quantity of each* 



P A great number of questions might be here given relating 
to the specific gravity of metals, kc. but one of the most curious^ 
with the operation at large, may sef ve as a suificicnt specimen. 

UiBBo, king of 3y nicusO) gave orders for a crovn to be made 
entirely of pure gold ; but suspecting the woiicmen had debase 
ed it by mixing it with silver or copper, he recommended the 
^discovery of the fraud to the famous Archimsdbs ; and desir- 
ed to know the exact quantity of alloy in the crown. 

ARCHiMBpES,in order to detect the imposition^ procured two 

other masseS) one of pure gold, the other of silver or copper, 

and each of the same weight with the former | apd each being 

..■■ t " ' " ' ' ' 

put separately into a yessel full of water, the quandty of water 

jBxpelled by thena dejtermined their specific bulks ; from which 

and their given weights, the exact quanlides of goljd and alloy 

in the crown maybe determined. 

Suppose the weight of each crown to be lOlb. and that th^ 
Heater expellipd by the copper or silver was 921b. by the gold 
5Slb. and by the compound crown 64lb. what will be the quanr 
tities of gold and alloy in the crown ? 



ALLIGATION ALTEBNATj:. U9 

EXAMPLES- 

1. How miiny gallons of water at Os. per gaHon, must be 
.^ixed with wine worth 3s. per gallon, so as to fill a vessel 
pf 100 gallons^ and that a gallon ni^y be afforded at 2s. 6d. ? 



36 : 100 : : 6 : 06 : 100 : : 30 



.30 j 


^6 


30 
3.6 






: 100 : 


: 6 : 




C6 


: 100 : 


6 








30 


36)600(16 








3.6)3000(83 


36 








288 


240 








120 


216 








108 



24 12 

Ans. 83|| gallons of wine, and Iff^ of water. 

2. A grocer has currants at 4d. 6d« 9d* and lid. per lb, 
and he would make a mixture of 240lb. so that it may be af- 
^^rded at 8d. per pound ; how much of each sort must he 
take? 

Ans. r2lb. at 4d. 24 at 6d. 48 at 9d. and 96 at lid. 



The rates of the simpji.es are 99 and 53, an|d of the compound 
$4; therefore 

r 93««| 1 3 of copper, 



64*1 



53 — I 38ofgpld. 



And the sum of these is 13+38=3540, which should have bees 

but 10 ; whence, by the rule, 

40 : 10 : : 13 : 31b. of copper, Y . 

40 : 10 : : 38 : rib. of gold, J tnc answer. 
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3. How much gold of 15, of 17, of 18, and of £2 carats 
fine must be mixed together to form a composition of 40 
ounces of 20 carats fine ? 

Ans. 5oz. of 15, of 17, and of 18, and 25 of 22. 

EULB. 3.* 

When one of the ingredients is limited to a certain quanti^ 
ty ; take the difference between each price and the mean 
rate as before ; then, 

As the difference of that simple, whose quantity is given, 
is to the rest of the diflerences severally, so is the quantity 
given to the several quantities required. 




EXAMPLES. 



Ir How much wine at 5s« at 5s. 6d. and 6s. the gallon 
must be mixed with 3 gallons at 4s. per gallon, so that the 
mixture may be worth 5s. 4d. per gallon ? 



f48.. 



I 60-^1— 
64< 

I 66— 



J 



8+2=lC 
8+2=10 

16+4=20 
16+4=20 



€ 



10 
10 
10 



10 
20 
20 









3 
3 
3 



3 
6 
6 



Ans. 3 gallons at 5s. 6 at 5s. 6d. and 6 at 6s# 



. * In the very same manner questions may be wrought, when 
several of the ingredients are limited to certain quandties, by 
finding first for one limit and then for another. 

The two last rules can want no demonstration, as they evident- 
ly result from the firsts the reason of which has been already 
plsuned. 



INVOLUTION. in 

* 

2. A grocer wauld mix teas at 12s. 10s. and 6s* with 20 
tt>. at Ae^ per pound ; how much of each sort must he take to 
make the composition worth Bs« per. lb. ^. ! . 

. Ans. 20ib. at 4$. ;1(X at 6s. 10 at ioL and 20 at 12s. 

'■']■' ! J ' 

3. How much godd of 15, of 17, and of 22 ;carats fine, 
must be mixed with 5oz.r of 18 carats fine, so tb^t the com- 

^ positiojn may be 20 carats find ? • i . , 

Ans. 5o^. of 15 carats fine, 5, of 17, aiid 25 of 22. 



* 
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A Power is a number produced by multiplying any g^ly- 
en number continually by itself a certain nutnbei^ of thijies. 

Any number is itself called th'^ first pawer; if it be muU 
tiplied by itself, the product is called the second power y or 
the Square; if this be multiplied by the first power again^ 
the^il^uct is called the third portver^ or the cube; and if 
s ^rmultiplied by the first power agfifn, the produil is 
SiUed the fourth power^ or btquadrate; and so on ; that is^ 
the power is denominated from the number, which exceeds 
the multiplication by 1. 

Thus, 3 is the first power of 3. 
3x3= 9 is the second power of 3. 
3x3x3=27 is the third power of 3. 
3x3x3X3=81 is the fourth power of 3. ^, 

&c. &c. i^' 

And in this manner is calculated the following taUe of 
powers. 
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TABLE of thefrst ttvehe PorwerB of the 9 Digiii: 



% 



"ST* 




Oft 




Ok 


,^ • 


Ok 


-^ 


o» 


-^ • 


Ok 






00 


« 


<o 




^ 


to 


Of 


00 


o 


o 


2 - 






K 


VI 


o 


Ok 


IK. 


^ 


•^ 


to 


«* 








« 


Ok 




Cf 


to 


o 


-* 


Ok 


to 










4l> 


09 


09 


•* 


Cf 


00 


ao 


eo 












«o 


t«. 


o 




^. 


o 


»o 
















eo 


00 
00 


to 

00 
•0 


00 

eo 


o 

Cf 
00 
























Of 


0^ 


•^ 


Cf 


<o 


00 


<* 


Cf 


1 to 


00 


^ 


■"cfT" 


to 




« 




Ok 


to 


«* 


»/> 


^ 


Cf 


Of 


Ok 


CO 






«o 


o 


k>» 


•i-« 


•-« 


09 


h« 


io 


>o 


><. 










Cf 


Cf 


b. 


^. 


K 


"^ 


•♦ 


to 










eo 


to 


Ok 


»>. 




^ 


eo 


^. 












Of 


o 


K 


Cf 


t* 


Ok 


"* 














Cf - 


to 

•1* 


CO 


eo 


Ok 
00 


Ok 




• 
















o 


»o 

00 


00 

to . 


»« 


o» 


«0 


"T^" 


---— 


Ok 


eo 


^-« 


K- 


Ok 


CO 


w^ 




'^ 


'^ 


o 


o 


"* 


"* 


o 


o 


"* 


^ 


o 






eo 


'* 


00 


<o 


»o 


OO 


to 


Cf 


K 


Cf 








c« 


to 


t<. 


eo 


^ 


CO 


«o 


to 


t: : 










wm* 


•i^ 


Cf 


to 


to 


K 


Of 


to 












»i^ 


00 


^ 


CO 


•* 


CO 


Cf 








• 








•A 


o 


Cf 


Ni 


".• 


















^ 


00 
Cf 


Ok 


00 . 

, CO : 


















1 


. 




--^ ; 


<0 


<o 


<o 


o 


<o 


to 


to 


to 


to 


to 


to 


to 




eo 


^4 


«o 


^. 


»o 


CO 


*«4 


Ok 


b. 


»o 


eo 






Cf 


Cf 


1^ 


<o 


Ok 


to 


to 


*-• 


o 


en 










h- 


to 


Ok 


Ok 


K 


to 


h. 


Cf 












'* 


»^ 


K. 


K. 


to 


Ok 


00 














Gt 


to 


o 
o 


o 
to 


Cf 

to 
eo 


to 

»*4 
























Cf 


«o 


«o 


<o 


L « 


^ 


wa 


«> 


»o 


»o 


I *** 


\ *^ 


mjT 




Cf 


G« 


' « 


9« 


Cf 


Of 


Cf 


Cf 


Cf 


Cf 


Cf 








<o 




to 


^* 


to 


^^ 


to 


mm 


ril 




, 






CO 


. wi 


00 


o 


eo 


■o 


QOJ 












•^ 


fe^ 


Ok 
CO 


»o 

Ok 


to 


Cfl 

00 1 


w 








# 




• 








Ok 


*1 


Cf 


^ 


<o 


'* 


« 


'^ 


to 


M" 


to 


tji 


to 


tf 


to 




#ii4 


« 


«o 


Cf 


Ok 


00 


CO 


-<> 


^ 


o 


^^ 








0« 


o 


o 


^ 


»o 


*-< 


»o 


eo 


Cf 












'^ 


t6 


»o 


Cf 


00 


^ 


^• 














*^ 


to 


to 

Cf 


o 


Ok- 

5 


to 


CO 


a^ 


h. 


«.« 


eo 


""Ok~" 


h- 


to 


eo 


«k 


^ 


pi4 






CI 


00 


^ 


Cf 


00 


00 


"* 


"* 


^ 










Cf 


^• 


#ii4 


to 


o 




"^ 














Cf 


to 


Ok 


Ok 


b. 
















1 




••^ 


kO 


h. 


5 








, 












•^ 


*r% 


<M 


'* 


00 


<o 


Cf 


^ 


00 


to 


Cf 


"Til 


00 


to 








^■4 


eo 


to 


Cf 


»o 


»-* 


Cf 


2 


Ok 














fm 


Cf 


»o 


o 


o 

Cf 


o 


- 


-1- 


-1- 


^■4 


9mt 


- 


- 


1- 


^■4 


1- 


• 


• 
o 


• 


• 


• 


• 


• 


• 


• 


i 


i 


1 


o 


o 


I 


o 


o 


.2 


o 


£ 


4rf 






J3 


JS 


A 


JC 


jC 


J3 


*a 


ts 


•»-• 


10 


tJ 


•o 


«-• 


** 


*3 


•<-» 


«irf 


«rf 


o 


wt 


Cf 


"^ 


9« 


CO 


^ 


v» 


to 


K. 


00 


Ok 




•M* 





•V 



i 




% 



ft 



I»VOLUt€ON. iSii 

HoTis; i. I^KDluRiiber, which exceeds tilxe tnultiplicatiibiis 
"^ by 1^ is csfled ttie index^ or exponent, of the p6wer ; sk> lirei 
index of the first power ii 1, that of -^e second power is 3, 
and that of the third is 3y &c« 

Note 2. Powers are commonly denoted txy writing their 
indices above the first power ; so the second power of 3 may 
^e'denoted Aus S*, the third pbwerthus 3.*, tiie fourth pow- 
er thus 3^, &€• and the sixth power of 503 thus 503* 
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Involution is the finding of powers ; to do whiA we have 
evidently the following 



RULE. 



Multiply the gfiven number^ or first power, continually by 
itself, tiU the number of muUiplications be 1 less than the 
index of the power to be foutid, and the last product Will be 
the power required.* 



^ Note. The rabiog of powers will be s^aetimes shoiten- 
ed by working according to this observation^ viz. whatever two 
or more powem are multiplied together, their product is the 
power, whose index is the sum of the indices of the factors; 
or if a power be multiplied by itself, the product wiU be the pow- 
er, whose &dex is double of thati which is multiplied : so if I 
would find the sixth power, I might muldply the given number 
twice by itself for the third power, then the third power into it- 
self would give the si&th power f or if 1 would jnd the seventh 
power, I might first find the third ?nd fourth, and their product 
w6uld be the seventh ; or lastly, if I would find the eighth pow- 
er, I might first find the second, theh the second into itself 
would be the fourth, and this Into itself would be the eighth. 

20 
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J54i EVOEUTION. 

Note* Whence, because fractions are mnltiptied hytsA:-' 
ittg die products of their numerators and of their denominal* 
tors, they wiD be involved by raising each of their terms to- 
the power required. And if a mixed number be proposed, 
either reduce it to an improper fraction, or reduce the vul- 
gar fraction to a decimal, and proceed by the rule. 

IbXAMPLES. 

1. What is the second power of 45 1 Ans. 20^5. 

2. What is the square of 02r? Ans. •000729. 

3. What is the diird power of 3*5 ? Ans. 42*875. 

4. What is the fifth power of *029 ? 

Ans. *00000002051 1 149. 

5« What is the sixth power of 5*03 1 

Ans. 161 96*005304479729. 

6. What is the second power of 4 ? Ans. {.^ 

.V ' 



EVOLUTION. 
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Tfix Root of any gjiven number, or power, is such a num- 
ber as, being multiplied by itself a certain number of times, 
will produce the power ;. and it is denominated the ^rst, sec- 
ondy thirdy fourthyiSc. root respectively, as the number o£ 
multiplications, made of it to produce the given power, is 0,. 
1, 2, 3, &c. that is, the name of the root is taken from ih^ 

m 

number^, which exceeds the multiplications by 1, like the 
name of the power in Involution.. 



EVOLUWbN. 155 

Noffi 1. The index of the root, like tiidl of the power 
«a Involution^ is 1 more dian the number of multiplications^ 
necessary to produce the power or given number. 



. NoT£ 2. Roots are sometimes denoted by writing y 

before the power, with the index of the root against it « 

s 
90 the third root of 50 is y/ 50, and the second root of it is 

\/50, the index 2 being omitted, which index is always un- 
derstood, when a root is named or wriad[i without one. 
But if the power be expressed hf several numbers whh the 
sign-for — ^, &c. between them, then a line is drawn from the 
top of the sign of the root, or radical sign, over all the parts 

of it : so the third root of 47-— 15 is y/ 47 — 15. And 
sometimes roots are designed like powers, with the recipro- 
cal of the.index of the root above the given number* So the 

second root of 3 is 3^ ; the second root of 50 is 50*^ ; and 

the third root of it is 50^ ; also the third root of 47 — 15 is 

47 — 15. I*. And thi$ method of notation has jusdy prevail- 
ed in die modem algebra ; because such roots, l^ing con- 
Nsidered as fractional powers, need no other directions for 
any operations t6 be made with them, tlM|k those for inte- 
gral powers. 

Note 3. A number is called a complete power of any 
kind, when its root of the same kii»l can be accurately ex- 
tracted ; but if not, the number is caUed an imperfect pow- 
er, and its root a surd or irratienal number : so 4 is a com* 
plete power of the second kind, its root being 2 ; but an im* 
perfect power of the third kind, its root being a surd num- 
ber. 

V Evokaion is the finding of the roots of numbers either ac- 
curately, or in decimals, to any prqpos^ extent* « 
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Tbfi power is first to be prepared for es^traction^ or ^yo^ 
iutiop, by dividing it from the plaice of units, to the left in 
integers, and to the right in decimal fracytjods, into periods, 
each containing as many places of figures, as ^re denominat- 
ed by t^e index of |he root, if the power contain a complete 
number of such periods : if it do not, the defect W4U be ei- 
ther on the right, or left, or both ; if the defect be on the 
riighti it maybe supplied by annexing cyphers, and^after this, 
whole periods oL cyphers may be annexed to continue tlie 
extraction, if necessary ; but if there be a defect on the left, 
such defective period must remain unaltered, and is account- 
ed the first period of the given number, just the same, as Jf 
it were complete. 

Now this division maybe conveniently made by writing a 
point over the place of units, and also oyer the last figure of 
every period on both sides of it ; that is, over every second 
fifgurei if it be tine second root ; over every third, if it be the 
third root) &c» 

Thus, to point this number 21035896-12735 ; 

for the secand root, it will be 21035896*127350; 

but for the thirc^^ot 21035896*127350 ; 

and for the fourth 21035896*1 2735000, 

Note. The root will contain just as many places of fig- 
ures, as there are periods or points in the £^ven power ; and 
they will be integers or decimals respectively, as the periods 
are so, from which they are found, or to which they corres- 
pcmd ; that is, there will be as mani^ integral or decimal fig^ 
ures in the root, as there are periods of integers or decimak 
in the giyeu number* 
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SQUARE ROOT. Wf. 

TO EXTRACT THE SQUARE ROOT. 

* * * 

RULE.* 

• 

1. Having distinguished the given number into periods^ 
find a square number by the table or trial, cither equal to, 
or next less than the first period, and put the root of it on 
jtlie right of the given number^ in the manner of a quotient 
figure in Division, and it i^ill be the fii^t figure of the root 
required. 



* in order to show the reason of the rule, it will be proper to 
premise the follpwing 

Lekma. The {product of any two numbers can have at most 
but as many places of figures, as are in both the factors, -and at 
least but one less. 

c 

Demonstration. Takie two nuiq/b^rs, consisting of any num- 
ber of places, but let them be the feast possible of those places* 
namely, unity with cyphers, as 1000 and 100 ; then their pro- 
duct will be 1 with as many cyphers anneifed, as are in bothth^ 
numbers^ namely, 100000 ; but 100000 has one place less than 
1,000 and 100 together have ; and since 1000 and 100 ireretak- 
en the least possible, the product of any other two numbers, of 
th^ same number of places, will be greater than IQOOOO ; con- 
sequently the product of any two numbers can have at least but 
one place less than both the factors. 

Again, take two numbers of any number of places, that shall 
be the greatest of these places possible, as 999 and»99» Now 
999 X99 is less than 999 X 100 ; but 999 X 100 (s>99900) contains 
only as many places of figures, as are in 999 and 99 ; therefore 
999x^9, or the product of any other two pumbers, consisting of 
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I5« SQUARE ROOT. 

2. Subtract the assumed square from thd first period, and 
to the remainder bring down the next period for a dividend.' 

j^3. 'Place the double of the root, already found, on the 
Idft qa the dividend for a divisor* 



the same number of [daced, c^oot hare more.places of figures 
than are in b^th its factors. 



» * 



CoROLLABT 1. A squarc number cannot have more places 
of figures than double the places of the root, and fit le^st but one 
Iess« 

Cor. 3. A cube number cannot have more places of figures 
than triple the places of the root, and at least but two less* - 

The truth of the rule may be. shown algebraically thus : 

Let Mm the number, whose square root is to be found. 

Now it appears from the lemmsy that there will be always as i 

many places of figures in the root, as there are points or periods | 

in th<$ given number, and therefore the figures of those places 
may be represented by letters. ^ 

Suppose JV to consist of two periods, and let the figures in the 

toot be represented by a and b. * 

' •' 
Then a+d aa* -f-Sad+d* as^ss given number ; and tp find » 

the root of JVis the same, as finding the root of a' +2a^+d*, the 

method of doing which is as follows ; 

1st divisor a)a*+2ad+A*(a+65Bs root. 

«3 



Sd divisor 2a+d)2ab+b^ 

3a6+d* 



Again suppose J^to consist of 3 periods, and let the figurea 
of the root be represented b^ a, 6, and c. 
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k* /'H* ConBia^^hat figure mu^ be annexed to the dividor, 
*lo that if-the restdt be multiplied by it, the product may be 
equal to, or next less than the dividend, and it will be the 
sl^cond figure of the root* 

5. Subtract the said product from tiie dividend, and to 
the remainder bring down the next period for a new divi- 
dend. 

6. Find a divisor as before, by doubling the figures al- 
ready in the root ; and from these find the next figure of the 
root, as in the last article ; and so on through all the periods 
to the last. 

Note !• "When the root is to be extracted^to a. great 
Bumber of places, the work may be much abbreviated dius : 
having proceeded in the extraction by the common method 
dll you have found one more than half the required number 
of figures in the root, the rest maybe found by dividing the 
last remainder by its corresponding divisor, annexing a cy- 
pher to eveiy dividjjji^ as in (^vision of decimals ; or rather, 



\ 



Then a-^b+c aaa' -f 2a6+d^ -f Sac^f 26c-(-c^, and the manner 
of finding a, by and c will be, as before : thus, 

1st' divisor a)a^ +2a*+A*+2ac+adc+c*(a+A+rs= reot. 



a* 



Sd divisor 2a+bytab+b'^ 

2aA+*2 



3d divisor 2c+2A+c)2flc+2Ac+c^ 

2af+2Ac+c* 



Now the operation in each of these cases exactly agrees with 
the rule, and the same will be found to be true, when A* consists 
of any number of periods whatever. 
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without annexing cyphers, by omitting contfflRily the fifstf * 
figure of the divisor on the right, after the manner of coti- 
tractibn in division of decimals. 

NotB 2« By means of the square root we readily find the 
fourth root, or the eighth root, ol^ the sixteenth root, &c* that 
is, the root of any power, whose index is ^ome power qi tht 
number 2 ; namely, hf exte^cting so often die square robt,^ 
as is denoted by that power of 2 ; that is, twice for the foiith 
root, thrice for the eighth root, and so on. 

TO EXTRACT THE SQUARE ROOT OF A VUL- 
GAR FRACTION. 

RULE. 

First prepare aH vulgar fracuons* by reducing them to 
thei^ least terms, both for this and all other roots. Then 

1. Take the root of die numerator and that of the denom- 
inator for the respective terms of the root required. And 
this is the best way, if the denominator be a complete pow^n 
But if not, then 

2. Muldply the mimeratot dud denominator together; 
take the root of the product : this root, beingi made the nu-. 
merator to the denominator of the given fraction, or the de- 
nominator to the numerator of it, will form the fracdona! 
root required. 

Thatis,^-^^^^*^^!. 
b b x/ab 

And this rule will serve, whether the root be finite or infi- 
nitCh 

Or 3. Reduce the vulgar fraction to a decinial, ^nd ex- 
tract its root* 



• 



SQUARE ROOT. l^ 



i* Required the square toot of 5499025. 



• * 



5499025(2345 the root. 
4 

431149 
31 129 

464)2090 

4685123425 
|234'25 



•• 



% Required thi square root of 184*2. 



• • * • 



184-2000(13*5r the yoo^ 
1 

23(84 
3|69 

26511520 
5) 1325 

•"'•-■-•i"i.".»iii«i**i 

2ror| 19500 

|l8949 

551 remainder^ 



$1 



3* Required the square root of 2 to 12 places. 
^ 2(1*41421356237 +rooti 



241100 
41 96 



281^400 
1)281 

2624111900 
, 4111296 

28282160400 
2156564 

2828411383600 
11282841 

28284:23|lOOr5900 

31 8485269 

■ I I III ■ I 11 .* 

28284^6)1590631(56237 + 
1414213 



176418 
169706 

6712 
5657 

1055 
849 

206 
' 198 



8 
4. What is the square root of i52399025 



Ans. 1234jr» 



CUBE HOOT. IIS 

5. What is the square root of -6(103(2754? ^ 

Ans. -01809. 

6. What is the square root of -/, ? Ans. -645497. 

7. What is the square root of 6J ? Ans. 2-5298, &c 

8. What is the square root of 10 ? Aos. 3-163277, 8l^ 

TO EXTRACT THE CUBE ROOT. 

RULE.* 

1. Having divided the given number into periods of & 
figures, find the nearest less cube to the first period by the 
table of powers or trial ; set its root in the quotic^nt, ^d sub- 
tract the said cube from the first period ; to the remainder 
bring down the second period, and call this the resolvend* 

2. To three times the square of the root, just found, add 
three times the root itself, setting this one place more to the 
right than the former, and call this sum the divisor* Then 
divide the resolvend, wanting the last figure, by the divisor, 



• The reason of poindng the given number, as directed in 
the rule, is obvious from Cor. 2, to the Lemfna,used in demon- 
strdting the Square Root ; and the re^ of the operation will be 
best understood from the following analytical process. 

Suppose A*, the given number, to consist of two periods, and 
let the figures in the root be denoted hjr a and 6» 



\ 



Then a^6p=3a^+3a*d+Sad*+A^53s^sa given number, and 
to find the cube root of A'is the same as to find the cub^ root 
of «^+3a*A+3ad'+d* ; the method of doing which, is as foN 
lows: 



164 CUtlE ROOT. 

^fer the next figure of the root, which annex to the former t 
calling this last figure r, and the part of the root before found 
eallo. 

3. Add together these three products, namely, thrice the 
i^^^la^ of a multiplied by r, thrice a multiplied by the square 
of r, and the cube of f , setting each of them one place farther 
toward the right than the former, and call the sum the sub-" 
trahendg which must not ejEceed the resolvend ; and if it 
do, then make the last figure ^ less, and repeat the operation 
for finding the subtrahendt 

4. From the resolvend take the subtrahend, and to the re*- 
mainder join the next period of the given number for a new 
resolvend ; to which form a new divisor from the whole 
root now found ; and thence another figure of the root, as 
before, &c« 



^mmt'1'^mmmm^'mmn^fm^mmmm^l^mm^mimm 



ii»+3a*d+3a6»+6» (fl+6s*root. 



«' 



3a*d+3Df^'+A* resolvend^ 



+3a 
3a* +3a divisor? 



+3flA» 

■Pi— — — i— ^— ■ ■ ii ■ 
3a»A+3cA*+^3 

And in the same manner may the root of a quantity, consist* 
ipig of any number pf periods iirhateveri be fa^^r 
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£XAHPL£8« 



t. To extract the cube root of 48228*544. 



3X3» =2y I 48228*544(36«4 root. 
3X3 ^ 09 127 




Divisor 279 | 21228 reaolvend. 

3X3*X6 == 162 -) 
3X3 X6^= 324 Udd 
6«= 216J 



3xSt>>=3888 
ax36 = 108 



"••—■»■ 



38988 

i t II 



19656 subtrahend. 



1572544 resolveodf 



3X36«X4 = 15552 1 
3X36 X4*= 1728 J-addi 



4'= 64 J 



1572544 subtrahend* 

I II I 1 



fi 



I 



% What is the cube root of 1092727 ? Ans. 103> 

3.^ What is the cqjbe root of 27054036008 ? Ans. 3002. 
^ * 

4. What is the cube root of ^0001357 ? 

Ans* •05138, &c* 

5. What is the cube root of ^rf v ^ -^^^ f* 
4». What is the cube root of | ? Ans, •873 &Ct^ 



l«« CUBE ROOT. 

RULE FOR EXTRACTING THE CUBE ROOT 
BY APPROXIMATION.* 

1. Find by trial a cube n6ar to the given number, and call 
k the mippoaed cube* 

2. Then twice the supposed cube added to the given num# 
ber is to twice the given number added to the Supposed 
cube, as the root of the supposed cube is to the root requir- 
ed nearly. Or as the first sum is to the difference qf the 
given and supposed cube, so is the supposed root to the di^ 
ierence of the roots nearly. 

3. By takmg the cube of the root thus found for die sup- 
posed cube, and repeating the operation, the root will be had 
to a still greater degree of exactness. 



ttlmmmmmt^ff 



* That this rule converges extremely fast may be easily 
shown thus : 

Let A*a: given number, a^cs supposed cube, and xbb correc- 
tion. 

Then Sa'-fA* : 3JV-f ei* : : « : «+jr by the ru le, and con- 
sequently %a^ +Aya+jC3»2AH-a*' Xa, or 2a» +a+x^Xa+x 

and by transposing the terms, and dividing by Sa. 

JVsBa^-f3a'jr-J-3air*+x*-|-x*H ,which by neglecting the 

2a 

terms a:^ 4-— j as being very smally becomes JVsasa^ +Za^x+ 
^x^-i-x^sB the known cube ota+x. Q. E, I. 



i 



CUBE ROOT. Ity 



mXAMVhZB. 



1« It 18 required to find the cube root «f 98003449. 
Let 125000000 == supposed cube, whose root is 500 ; 

Then 125000000 9800344^ 



2 3 



250000000 196006898 
98003449 125000000 



348003449 : 321006898 : ; 500 

500 



*«Bi 



[root nearly* 
348003449)160503449000(461=coxTected xx)ot, or 

1392Q13796 



2130206940 
2088020694 



421862460 

348003449 

- - •• ' 

« 73859011 

2. Required the cube root of 21035*8* 

Here we soon find that the root lies between 20 aad 30, 
and then between 27 smd 28* Therefore 27 being tskcn^ its 
cube is 19683 the assumed etdbe« Theft 

19683 21035*8 
2 2 



39366 42071*6 
21035*8 19683 



ti8 CUBE ROOT. 

At 60401*8 : 6ir54*6 : : 87 : dr*604f 

27 



4322823 
1235092 



1667374*2 
604Ol*8)1667374*2(27*6047 the root nearly. 
1208036 



459338 
422813 

36525 
36241 



284 
24d 

42 

Again for a second operation, the cube of this root is 
21035*318645155823, and the process by the latter method 
is thus : 

21035*318645, fkc. 



42070*637290 21035*8 

210358 21035-318645, &c. 



As 63106*43729 : diff. ^81355 : : 27*6047 : the diff.=: 

*000210834 



27*604910834= 
the root required. 

3. What is the cube root of 157464 i Ans.54^ 

4ii What is the cube root of ^ ? Ans« *763, &c« 

5. What is the cube root of 117 ? Ana* 4*89097^ 



CUBE ROOT. ^$ 

to EXTRACT THE ROOTS OF POWERS IN 

OENERAL. 

1. Prepare the given number for extraction by pointtng 
off from the units place as the root required directs. 

2» Find the first figurftof the root by trial, and subtract 
its power from the given number. 



* This rule will be sufficiently obvioat from the work in the 
&llowing example. 

Extract the cube root of a«+6a*— iOa*+96a— 64. 



a« 



Sa*)6a*(+3a 

, 1 

■bS III I — — — Wi— — 1— » .1 I ■ II 



a« +3axS=.3a*+ I2a«+ 12a*)— 13a*— i&a«+96a— 64(— 4 

" s 

a«+6a*— 40a3+96a — 64=Ba'+3a— 4 



When the index of the power» whose root is to be extractecL 
is a composite number, the following rule will be serviceable : 

Take any two or more indices, whose product is the given in- 
dex, and extract out of the given number a root answering tq 
one of these indices ; and then out of this root extract a root, 
answering to another of the indices, and so on to the last. 

Thus, the fourth rootssquare root of the square root. 

The sixth root = square root of the cube root, Sec. 

The proof of all roots is by involution. 

22 



m CUftE ROOT. 

3. To the remainder bring down the first figure in the' 
neitt period, and call it the dividend. 

4. Involve the root to the next inferior power to that, 
which 18 given, and multiply it by.the number denoting the 
given power for ^divisor. 

5. Find how many times the divisor may be had in the 
dividend, and the quotient dHU bAmother figure of the root* 

6. Involve the whole root to the given power, and sub-* 
tract it froiii the given number as before* 

< * ' ' • 

7. Bring down the first figure of the next period to tfao 
remainder for a new dividend, to which find a new divisor, 
and so on, till the whole be finishedl 

EXAMPLES. 

I. What is the cube root of 53157376 1 



• • 



53157376(376 
27=3 « 



3*'X 3=27)261 dividend. 
50653=37* 



3*x5i=4107)25043 second dividend* 

53157376 



The following theorems^may somedmes be found useful in ex** 
tracting the root of a vulgar fracdoq ; v^ 



a ^a^^^ab a 



tit universally, t 






n- 1 
bd 



k' 



CITBE ROOT. in 

' ^ What is the biquadrate root of 199871 73376 1 

Ans. 376,» 

3. Extract the sur;Jolid, or fifth root, of 30768262110671 
1625. Ahs. 3i45» 

4. Extract the square cubed, x>r sixth root, of 43572838 
• ;l0O9267809889764416, Ans. 27534, 

5. Find the seventh ^t of 34487717467307513182492 
15.3794673. Ans. 8301 7» 

6. Find the eighth root of 1,1?1016281320476236246*9 
7942460481. Ans. 13527, 

« 

TO EXTRACT ANY ROOT WHATEVER BY 

APPROXIMATION. 

BULB. 

1. Assume the root nearly, and raise it to the same powst 
er with the given number, which call the assumed power* 

2. Then, as the sjum of the assumed power multiplied by , 
.the index more 1 and the given number multiplied by the 
index less 1, is to the sum of the given number multiplied- 
by the index more 1 and the •assumed power multiplied by 
^he index less 1, so is the assumed root to the required root* 

Or, as half the first sum is to the difference between the 
given and assumed powers, so is the assutned root to the 
difference between the true and assumed roots ^ which dif- 
ference, added or subtracted, gives the true root nearly. 

And the operation may Jbe repeated as often as we please 
by using always the last found root for the assumed root^ 
^pd its power as aforesaid for the assumed power. 



ir% CUBE ROOT. 



EXAMPLES. 



1. Required the fifth root of 21035*8. 

Here it appears, that the fifth root b between 7*3 and 7t^. 

(" 7*3 being taken, its fifth power is 2073Of 1593* Hence ttjen 

31035*8 ssgtven niun^n 
20730*716 =s assumed, pfli^n 



r 



> 



309O84 =5 difference. 



5 ss index. 20730«ri6 21035*8 ^ 

5+1=6 ,3 2 ^' 



6^192«148 42071*6 

42071-6 



'« 



'>f "'i 



J^ 



104263*74835| the first sun^. 
tp4263*r : 305-084 : : 7*3 : •02136q4[ 



r*3 



915252 
2135588 



(04263*7)2327-1 132(*021 3604 9= difference, 
..♦••• 208527 7*3 



14184 7*^21360 ss root, 

10426 true to the last figure, 

. - • . ''. ' * 

3758 
3128 

«30 
626 



ARITHMETICAL PROGRESSION. It 9 

«. What isAe third root of 2 ? Ans. 1*259921. 

3. What is the sixth root of 21035*8 ? Ans. 5-25403r. 

* • ■ 

4. What is the seventh root of 21035r8 ? Aifs. 4*145392. 

5. What is the nimth root of 21035*8 ? Aps, 3-022239; 



ARITHMETICAL PROGRBSSION^ 

Ant rank of numbers, increasing by a common excess or 
decreasing by a common difference, is said to be in Aritf^-z 
metical Progression ; such are the numbers 1, 2, 3, 4, 5, Sec 
7, 5, 3, 1 ; and *8, -6, *4, •2. When the numbers increase 
they form an ascending: series ; but when they decrease, they 
fonif a descending seriesX 

^e numbers, which form the series, are called the terms 
of iht progression. 

Any three of the ^ve following tfitms being g^ven, the 
other two may be readily found. 

1. The first term, ) commonly called the 

2. The last term, J extremes. 

3. The number of terms. 
4*. The common diiference. 
5« The sum of all the terms. 

PROBLEM 1. 

TheJirH term^ the last term^ and the number of terms beings 

4/0 ' I ' •' 

given^ tojind the sum ofaU the terms. 



^U ARITHMETICAL PROGRES6ION. 

RULE.* 

Multiply tht sum of the extremes by tbe number of terms, 
and half t^e product wiU be tlie ^swer* 

EXAMPLES. 

1. The first term of an Arithmetical Progression is 2, the 
last term 53, and the number of tern^lS ; required t}>e suo^ 
of the series. ^ 



S!i 




2 




55 




18 




440 




55 


# 


2)990 

1 


' 


494f 


t 




Or, 


53+2x18 


=495 the answer. 



* Suppose another series of the same kind with the given qne 
be placed under it in an inverse order ; tben will the sum of ev- 
fsry two corresponding terms be the satne as that of the first 
and last ; consequently any one of those sums^ muluplied by the 
number of terms^ must give the whole sum of the two series> 
and half that sum will evidently be the sum of the p;iven series : 
.thus> 

Let 1, 2, 3y 4^ 5} 6, 7) be the given series ; 

and 7, 6, 5) 4, 3, 3, 1, the same inverted ; 
then 8+8+8+8+3+8+8»8x7s56 and l+3+4-|:5+^ 
+7«y«:?38. Q.E. p. 



♦ 



\ 
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ARltHMETICAL PROGRESSlQN. 17* 

2. The first term is 1, the last term 21, and the number 
6f terms 11 ; required the sum of the series* Ans. 121* 

3. How many strokes do the clocks of Venice, which go 
<6 24 o'clock, strike in the compass of a day ? 

Ass. 300» 

4. If 100 stones be placed m a right line, exactly a yard 
iisunder, and the first aryard froni a basket, what length of 
^ound will that man go, who gathers them up singly, re- 
turning with them one by one to the basket ? 

Ans* 5 miles and 1 300 yards. 

PROBLEM 2* 

Tbejirst term^ the ktst ierni^ and the number of term* being 
ffiveny to find the common difference* 



BULB. 3.* 




Divide the diiFerence of the extremes by tie nuniber of 
te¥tns less 1^ and the quotient will be the common difference 
sought* 



EXAMPLES. 



• i# The extremes are 2 and HZ^ and the number of terms 
is 18 ; required the common difference* 



* The difference of the first and last tertns evidently shows 
the increase of the first term by all the subsequent additions^ 
till it becomes equal to the last ; and as the number of those ad- 
dltibns is evidently one less than the number of terms, and the 
increase by every addition equal, it is plain, that the total in* 
crease, divided by the number of additions, must give the differ-- 
iflcc at every one separately ; whence the rule is manifest. 
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53 18 

2 1 

17)51(3 ir 

Or, 

55— 2_51 ^^. 

=^— =s3 the answer. 
18—1 17 

2. If the extremes be 3 and 19, and the number of termv 
9, it is required to find the common difference, and the sum 
of the whole series. 

Ans. The difference is 2, and the sum b 99* 

3* A man is to travel from London to a certain place in 
12 days, and to go but three miles the first day, increasing 
every day by an equal excess, so that the last day^s journey 
may be 58 miles ; required the daily increase, and the dis^ 
tance of the place from London. H 

Ans. Daily increase 5, distance 366 miles. 



PROBLEM 3. 

Given the first ternij the last term^ and the common differencey 

. to find the number of terms* 

m 
S 

RULE.* 

Divide the difference of the extremes by the common (fif- 

I - _ n ■ '- 

* By the last problem^ the difference of the extremes, divid- 
ed by the number of terms less 1, gives the common difference f 
consequently the same, divided by the common difference, must 
give the number of terms less 1 ; henCe this quotient} augment- 
ed by 1, must be the answer to the question. 



.A 



/« 
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irr 



ference, and the quotient, increased by 1, is the number of 
terms required. 

EXAMPLES* 

U The extremes are 2 and 53, and the common difference 
d ; what is the number of terms ? 

2 
3)51 • , • . 

17 Or, 

1 ££i:£-(.i-sl8 the answer. 
3 
18 

In any Arithmetical Progression, the sum of any two of its 
terms is equal to the sum of a^y other two terms, taken at an 
equal distance on contrary sides of the former ; or the double 
of any one term is equal to the sum of any two terms, taken at 
an equal distance from it on each side. 

The sum of any number of terms (n) of the arithmetical se- 
ries of odd numbers 1, 3, 5, 7, 9, tec. is equal to the square (nt^) 
of that number. 

That is, if i, 3, 5, 7, 9, Sec. be the numbers, 
Then will 1, 3>, 3', 4<, 5*, &c. be the sums of 1, 2, 3, Sec. of 
iJiose terms. 

For, O-f 1 or the sum of i term = 1* or I 
1+3 or the sum of 2 terms »« 2^ or 4 
4+5 or the sum of 3 terms ob 3' or 9 
9+7 or the sum of 4 terms a* 4' or td, &c. 

Whence it is plain, that, let n be any jufll^W whatsoever, the 
sum of n terms will ben*. ....* 

The following table contains a summary of the whole doctrine 

•f Arithmetical Progression. 

33 
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2. If the extremes be 3 and 19, and the common diffef- 
ence 2, what b the number of terms i Ans* 9* 

3. A man, going a journey, travelled the first day 5 miles, 
the last day 35 miles, and increased his journey every day 



Casks of jiJuram^ricAZ. Fmogrbssion. [ 


Case 


Giv. 


Req. 


Solutioa. 


I 


1 

adn< 


/ 

9 


«_l xrf+a. 






• 2 
3 


adl< 
ad9 < 

1 


1 

n 


1 

4-1 


d ^ 


9 

n 

• 




/+a X /— a+i/ 
2d 




^' 2a— rf|'+ 8(/*— 2a— i/ 
2(< 


■ 

I 

d 

n 




^^ 2<»— c/|'+grf*— rf 


2 


4 


>< 


/+a X /— « 
2*— / + a 


2« 
a+^ 


5 


ana < 


, d 


2X«^— «» 
«— iXn 


I 


3« 

• 



ARITHM£Ti€AL FROGkESSION. ir<9 



by 3 miles ; how many days did he travel ? Ans. 1 1 days. 



Giv. I Req 




Solution. 






i^i^"w 



c+/Xn 



# ■ • > 



^MBM^ppi 



1 Xd. 



nxl—n — 1 X -. 



9 dxn^X 
n 2 



s .dxn — I 



d+y/^l+d\ —8ds 

■ "- III. — f 



2i+d+ s/ ^i+d —Sda 
2rf 



I ■ j ' J I .B I I W I 



2« 



2X«/— » 
n— IX» 



< I > 



■▼-^ 



a s least term. 
n ss number of terms. 
Here ^^ a s sum of all-tbe terms. 
I dsa common difference. 
\j es greatest term. 



" ■■■ ^ 
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GEOMETRICAL PROGRESSION. 

Ant series of numbers, the terms of which gradully in- 
crease or decrease by a consUnt multiplication or division, 
U said to be in Geometrical Progressioiu ThuSi 4, 8, 16, 32, 
64, &c« and 81, 27, 9, 3, 1, &c. are series in Geometrical 
Progression, the one increasing by a constant multiplication 
by 2, and the other decreasing by a constant divisipn by a. 

The number, by whicl) the series b constandy increased 
or diminished, is called the ratio. 

PROBLEM 1. 

Given the first teritij the last term^ and the ratio^ to find the 

sum of the series. 

B.UtE.* 

' Multiply the last term by the ratio, and from the product 
subtract the first term, and the remainder, divided by the ra^ 
tio less 1, wiU give the sum of the series. 



* DKMONSTftA,TiON. Take any series whatever* as 1, 3) d, 
37, 81, 243, &c. multiply this by the ratio, and it will produce 
the series 3, 9, 37, 8 1, 343, 739, Sec. Now let the sum of the 
prpposed series be what it will, it is plain, that the sum of the 
second series will be as many times the former sum> as is ez^ 
pressed by the rado ; subtract the first series from the second, 
and it will give 739—1 ; which is evidently as many times the 

sum of the first series, as is expressed by the ratio less 1 ; con- 

739"— tl 
sequently -. a sum of the proposed series* $ind is the 

rule ; or 739 u the l?st term multiplied by the ratio, 1 is the 
first term, and 3—1 is the rado less one ; and the same wiU 
hold> let the series be what it willt Q. £. D. 
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BXAKPLES. 

1. The first term of a series in Geometrical Progresaioxi 
is }, the last teriQ is 2187, and the ratio 3 ; what is the siifn 
of the series ? . 

2187 
3 



6561 
I 



3-«.l =2)6560 



3280 

Or, 

3x2187—1 
3 — 1 



= 3280 the answer. 



■»r' 



Note 1. Since, in any geometrical series of progression, 
when it consists of four terms, the product, of the extremes is 
equal to the product of the means ; and when it consists of thiree, 
the product of the extremes is eqtial to the square of the mean ; 
it follows, that in any geometrical series, when it consists of an 
(even number of terms, the product of the extremes is equal to 
the product of any two means, equally distant from the ex- 
tremes ; and when the number of terms is odd, the product of 
jthe extremes is equal to the square of the mean or middle term, 
or to the product of any two terms, equally distant from them. 



Note 2. 


If a 


m 
• 


b : i 


c : d directly, 




a 


• 
• 


c 2 : 


b z dhy alteration. 




b 


: 


a : : 


d : c by inyersion. 


Then< 






b : : 
b I : 


c+d : d by composition, 
c— -tf : d by division. 




a 




a+b 


: : c : c+d by conversion 




la+b 




a^-^b 


: : c+d : c-^^ mixedly. 



For in each of these proportions th^ product of the extremes 
|0 equal to that of the means. 



ISS GEOMETRICAL PROGRESSION. 

2* The extremes of a geometrical progression are 1 and 
65536| and the r^tio 4 ; what is the sum of the series I 

Ans. srasii* 

3. The extremes of a geometrical series are 1024 and 
590^9, and the ratio is 1| ; wha^ jj| the sum of the series f 

Ans. 175099^ 

JPAOBLEM 2. 

Giveu the /irsf term and the ratio^ to find any . other term 

assigned* 

flULE.* 

1. Write a few of the leading terms of the series, an^ 
place their indices over them, beginning with a cypher. 

2. Add together the most coiivenient indices to make an 
index less by \ than the number, expressing the place of the 
term sought. / 

3. Multiply the terms of the geometrical series together, 
belonging to those indices, and make the product a dividend. 



'^T 



* Demonstration. In example !» where the firstterm is 
equal to the ratio, the reason of the rule is evident ; for as every 
t^rm is some power of the ratio, and the indices point out tho 
number of factors, it is plain from the nature of mulupIica4ony 
that the product of any two terms will be another term corres* 
ponding ^ith the index, which is t^e supi of the indices standing 
over those vespecdve terms. 

And in the second example, where the series dqes net begin 
with the ratio, it appears, that every term after the two first con- 
tains some power of the ratio, muldplied into the first term^ ;in^. 
therefore the ru|e, in this case> i% egually evident. 



GEOMETRICAL PROGRESSION. 



U*^ 



o^. 



4. Riiise the first term to a power, whose index is 1 less 
than the number of terms multiplied, and make the result a 
dhnsor. 



I* it 



rl f 



The foHowing table contains all the pos^ble cases of Geo^ 
metrical Progression. 



Casbs of Geometrical Progression, 
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1^4 



GEOMETRICAL PROGRESSION.! 



5. Divide the dividend by the divispr, and the Quotient 
will be the term sought* 

Note* When the first term of the series is equad to the 

. ratio, the indices must begin with an unit, and the indices 

mdded must make the entire index of the term required ; and 
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GEOMETRICAL PROGRESSION. 



185 



the product of the di£ferent teroiS) found as before, will give 
the term required. 



BXAMPLES. 



1. The first term of a geometrical series is 2, the number 
ef terms 13, and the ratio 2 ; required the last term* 

9 

1, 2, 3, 4, 5, indices* 

2, 4, 8, 16, 32, leading terms. 
Then 4+4+3+2 =: index to the 13di term. 
And 16X16x8+4 = 8192 the answer. 

In this example the indices must begin widi 1, and such 
ef them be chosen, as will make up the* entire index to the 
term required. 



Cast 
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Solution. 



* — rXs — L 



'^'^'^ii^m 



Z, / — L^s — rxs — / 



L,r 



M' 



7»— 1 



aXs — a\ " =/x* — ^1 



»-i 



r«+-l-r«-*=7^. 



a = 
/ = 
* = 



Here<^ n = 



r = 
Z= 

24 



least termn 

greatest term. 

sum of all the terms. 

number of terms. 

ratio* 

Logarithms. 



18« GEOMETRICAL PROGRESSION. 

2* Required the l^h term of a geometrical series, whos^ 
first term is 3, and ratio 2. 

0, 1, 2, 3, 4) 5, 6) indices. 

3, 6, 12, 24, 48, 96, 192, leading terms. 
Then 6+5= index to the 12th term. 
And 192X96=18432;^ dividend. 

The number of terms multiplied is 2, and 2^— 1=1 is the 
power, to which the term 3 is to be raised ; but the first pow- 
er of 3 is 3, and therefore t8432-r-'3=6144 the 12di term 
required. 

3* The first term of a geometrical series is 1, the ratio 2, 
and the number of terms 23 ; required the last term. 

Ans. 4194304. 

QUESTIOJSrS 

TO .BE SOLV£D BT TH£ TWO Pk£C£DING PROBLEMS. 

« 1. A person being asked to dispose of a fine horse, said 
he would seH htm on eondition of having one farthing for 
the first nail m his shoes, 2 farthings for the second, one 
penny for the third, and so on, doubling the price of every 
nail to 32, the nunober of nails in his four shoes \ what would 
the horse be sold for at that rate ? 

Ans. 44r3Sf4l. 5s. 3|d. 

2. A young man, skilled in numbers, s^eed with a farmer 
to work for him eleven years without any otheV reward than 
the produce of one wheat corn for the first year, and that 
produce to be sowed the second year, and so on from yeacr 
to year till the end of the time, allowing the increase to be 
in a ten fold proportion ; wliat quantity of wheat is due for 
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SIMPLE INTEREST* 187 

such sorvice, and to what does it amount at a dollar per 
bushel i 

Ans. 226056 j^ bushels, allowing 7660 wkeat corns to be a 
pint ; and the amount is 226056-| dollars* 

3. What debt will be discharged in a year, or twelve 
months, by paying S 1 the first month, jS 2 the second, B 4 
' the third, and so on, each succeeding payment being double 
the last ; and what will the last payment be I 

Ans. The debt is S 4095 and the last payment i 204S. 



SIMPLE INTEREST. 

Interest is the premium, allowed for the loan of money* 
The sum, which is lent, is called the pr'mcipaL ^ 
The sum of the principal and interest is called the amount. 

Interest is allowed at so much per ceM. per annum^ which 
premium per cent, per annum^ or interest of 1001. for a year, 
is called the rate of interest* 

Interest is of two sorts, simpk and compound.. / 



Simple Interest is that, which is allowed only for the prin- 
cipal lent* 

Note. Commission, Brokerage, Insurance, Stocka^^ and, 
in general, whatever is at a certain rate, or sum per cent* 
are calculated like Simpk Interest* 



* Stotk is a general name for ptibHc fonds, and ea^tals of tra* 
ding companies, tho shares of which are transferable^from one 
person to smother. 



/. 



l«S 6lMt»LE iNTERESt. 

RULE.* 

1. Multiply the principal by the rate, and divide the pre 
duct by 100 9 and the quotient is the answer for one year. 

2. Multiply the interest for one year by.the given number 
of years, and the product is the answer for that time* 

3* If there be parts of a year, as months or da^^s, work 
for the months by the aliquot parts of a year^ and for the 
days by Simple Proportiom 

KXAMPLES. 

1. What is the interest of 4501. for a year, at 5 per cent 
jier aimum? 

450L 



1,00)22'50 
20 



10-00 Ans. 2^. and -jY^ = ^y = '5 = lOs/i 

% What is the interest of 7201. for 3 years, at 5 per cent# 
)>er aonum ; 

•ySOL 36 

5 3 



36-00 1081. ^s» 

i. What is the interest of 1071. for 117 days, at 4| per 
ttnU per aiknum i 

107L 5 1 7 3*2 5 17 3-2 



4| 11 7 



-^- ' ' - * 



* ThJb rule^is evidently an application of Simple Proportion 
tmd iPracdce. •, 



\ 



I 



\ 



SIMPLE INTEREST. I8d . * 

428 0S 18 1 3*2 35 11 6 2*4 

53 10 10 ^ 

26 15 --: 



llXlO+7=lir 559 16 

5-08 5 35 11 6 2-4 



20 



365)o94 13 2'4(.ll. 12s. r^Ar^ 
1-65 3^>5 the answer. 



12 



229 
r-80 20 

)4593 

3-20 365 



.^^ 



1- q- — 

2*4=2|:=|d. 943 

730 

tS 8 - 



• 



213 



T 8 t2 

)2556 
2555 



1 * 
4k What is the interest of $ 607*50 for 5 years, at 6 per 
cent> per annum i Ans* S 182*25. 

5« What is the interest of 2131. from Feb. 12, to June 5^ 
1796, it being leap year, at 3^ per cent, per annum ? 

Ans. 21. 6s. 6d. S-^^^^q. 

SIMPLE INTEREST BY DECIMALS. 

atJLE** . 

Multiply continually the principal, ratio, and time, and it 
will give the interest required. 



■«*■ 



* The following theorems will show all the possible cases of 
Simple Interest, where fi es principal^ t » time, r s= ratio, and 
• as amoufit. 
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SIMPLE INTEREST. 



Itaiio is the simple interest of 11, for 1 year, at the rate 
per cent, agreed on ; thus the ratio 

"3 per cent# is •03. 
3| 035. 

4 •04. 
at ^ 4| 04f5. 

5 •OS. 
5i > •OSS. 

6 ''" -oe. 



EXAMPLES. 



1. What is tbe interest of 945L 10s. for 3 years, at 5 per 
cent, per annum ? 



945«5 
•05 

4^275 

; i 

141*825 
20 

16-500 
12 



6.000 Ans. 1411. 16s. 6d. 

2. What is the interest of 796L 15s. for 5 years, at 4^ 
per cent, per annum ? Ans. 1791. |^ 4|d. 



3. What is the interest of 5371. 15s. from November 11, 
1764, to June 5, 1765, at 3| per cent, i Ans. 111. |d. 



I. fitr+fi 






III. 



tr+l 



m^ 



IV. 



ffi 



BBf^ 
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COMMISSION. 



CoHM [S810N is an allowance of so much per cent* to a fac« 
tor or correspondent abroad, for buying and selling goods for 
his employer* 



EXAMPLES. 



1* What comes the commission of 5001. 13s* 6d. to at 3^ 
per cent* i 

500L 138. 6d. 



H 



1502 O 6 
£50 6 9 

17-52 7 3 
20 

10-47 
12 

5-67 

• 4 



2-68 Ans* 171* 10s. 5|d. 
i 

2. My correspondent writes me word, that he has bought 
goods on my account to the value of 754L 17s* What does 
his commission come to at 2| per cent, i 

Ans. 18l. 17s* 4|d. 

3. What must I allow my correspondent for disbursing 
on my account 5291. IBs. 5d. at 2^ per cent. ? 

Ans, 111.1 8s. 5|dt 



IM BROKEttAGE; 



BROKERAGE. 



Brokerage is an aflowance of so much per ccn^ to a 
persoQ, caOed a Broker, for assisting merchants or fiKrtors ia 
procuring or disposing of goods. 



]• What is the brokerage of 610L at 5s. or ^ per cent. ? 



5s. is I GIOL 



1*52 


10 


SO 




10*50 




12 




6<X> 


Ans. IL 10s. 6d. 



2. If I allow my broker 3^ per cent, what may he de* 
mand, when he seOs goods to the value of S7€L 5s. lOd. i 

Ans. 3^ 17s. 2|d. 

3. What is the brokerage of 8791. 18s. at 4 per cent.? 

Ans. 3L 5s. 11^ 



INBURANCff. iU 



INSURANCE, 

Insvaance is a premium of so much pey cent, given to 
eertain persons and offices for a securi^ of maiding goodthf^ 
loss of shipft, houses, merchandize, &c. which may happein 

from storms, fire, &c. 

» 

£XAMPLSS» 

!• What is the insurance of 874). 19s. 6d. at 134 pe^ 
pent.? 

874L 13s. 6d. 
1« 



10496 


2 





874 


13 


« 


437 


6 


9 


118*08 


2 


3 


20 







1*62 
12 

7*47 

1-88 Ans. 118L U. 7^ 

3. What is the insurance of 900L at 10| per cenu I 

Ans. 96L 15i^» 

3* What is the insurance of 1200L at 7{ per cent, i 

Ans. 911* IQl* 
3* 



X9A hiscovtrt. 

DISCOUNT. 

Discount is an allowance, made for the payment of any^ 
sum of money before it becomes due ; and is the difference 
between that sum, due sometime hence, ^d its present 
worth* 

The present worth of any sum, or debt, due some time 
bence, is such a sum, as, if put to interest, would in that time 
and at the rate per cent* for which the discount is to be made,, 
amount tp the sum or debt thea due... 

• 

RULE.* 

1. As the amount of 1(X)I. for the given rate and time is 
to tool, so Is the given sum or debt to the present worth. 



* That an allowance ought to be made for paying money be-> 
fore it becomes due, which is supposed to bear no interest till 
after it is due^ is very reasonable ; for, if I keep the money in 
my own hands till the debt becomes due, it is plain I may make 
an advantage of k by putting it out to interest for that time ; but 
if I pay it before it is due, it is giving that benefit to another ; 
therefore we have only to inquire what discount ought to be al- 
lowed. And here some debtors will be ready to say, that since 
by not paying the money till it becomes due,, they may employ 
it at interest, therefore by ps^^midH^^ttiCore due they shall lose 
that interest, and for^yjj^. reason all such interest ought to be 
discountcdgftliWHft is false, for they canilot be said to lose that 
interest tiiTthe time, when the debt shall become due ; where* 
as we are to consider what would properly be lost at present, by 
paying the debt before it becomes due ; and this can, in point of 
equity or justice, be no other than such a sura', as, being put out. 
to interest till the debt becomes due, would amount to the ia» 



BiSCOUNt. m 

^ Subtract the present worth from the gk'en sumj and 
Ae remainder is the discount required. 

Or, 

As the amount of lOOl. for the given rate and time is to 
the interest of lOOl. for that time, so is thev^iveri sum ot 
^ebt to the discount required. 

EXAMPLES. 

1. What is the discount ot 5731. 15s. due o years hence, 
at 4| per cent. ? 



terest of the debt for the sam^e time. It is beside plain, that th6 
advantage arising from discharging a debt, due sometimt hence> 
by a present paymemt, according to the principles We hav^ 
mentioned, is exactly the same as employing the whole sum at 
interest till the time, when the debt becomes due ; for, if the dis^ 
count allowed for present payment be put out to interest for that 
time, its amount will be the same as the interest of the whole 
debt for the same time : thus the discount of 1051. due one yeat 
hence, reckoning interest at 5 per cent, will be 51. and 51. p\xl 
out to interest at 5 per cent, for one year, will amount to 51. 5 s. 
which is exactly equal to the interest of 1051. for one year at 5 
per cent. 

The truth of the rule lor working is evident from the nature 
of Simple Interest ; for since, the debt may be considered as the 
amount of some principal, calfed here the present worth, at a 
certain rate per cent, and for the given time^ that amount must 
be in the same proportion^ either to its principal or interest, as 
the amount of any other sum, at the same rate, and for the sam« 
time, is to its principal or interests 
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13 10 
100 



113 10 : 13 10 ; r 57$ 15 
aO 20 20 

22rO 2rO 11475 

270 



803250 
22950 



S 



227)0)3O98259O( 136,4 

828 

1472 68 4 

1105 

197 

12 



227)2364(10 
94 
4 

376(1 
149 

Ass. 68l* 48* 10|(L 

si. What is the present worth of 150L payable in } of a 
year, discount being at 5 per cent. ? 

Ans. 148L 28. ll|d. 

3. Bought a quantity of goods for 1501. ready money, 
and sold them again for 200l. payaUe at | of a year hence ; 
what was the gain in ready money, supposing discount to be 
made at 5 per cent, i Ans. 42L 15s. S4? 



OISCOUKT. 



19f 



4. What is the present worth of 120l. payable as follows, 
Viz« 501. ait 3 months, 50L at 5 months, aad the rest at 8 
mofiths, discount being at 6 per cent. ? 

Ans. lirL 5s. 5^d. 

DISCOUNT BY DECIMALS. 

RULE.* 

As the amount of IL for the gi\(.en time is to IL so is the 
interest of the debt for the said time to the discount requir- 
ed. 

Subtract the discount from the principal, and the remain- 
der will be the present worth. 

I M il n\ Ill » I i l .1 ■■.■■■ 

* Let m represent any debt, and n the time of payment ; then 
will the following Tables exhibit all the variety, that can happen 
with Ttuptct to present worth and discount. 



Of th» FsESBirr Worth of Monet ^aid before it is 

DUE AT Simple liTrERssf, ' 



The present worth of any sum m. 



Rate-per cent. 



r per cent^ 



3 per cent 



4 per cent. 



5 per cetit. 



Ill ■■*. 



For n years. 



100m 
nr+ 100 



lOOw 
3n+100 



25m 
n+2S 



20m 
n+20 



wm^mtmrnm 



n months. 



1200m 
nr+ioo 



-iOOm 
71+400 



300m 
«+300 



240m 
n+240 



n days. 



36500m 
nr+36500 



36S00;i» 
Sn+S650O 



9125m 
11+9125 



7300m 
#2+7300 



I9t 



DISCOUNT. 



EXAMPLES* 

What is the discount of 5731. 15s. due 3 ytms heaoc, ^ 
4| per cent, per annum I 

*045X3+ l=l«135=;amount of IL for the given time. 

And 5r3-r5X*045X3=rr*45625= interest of the debt for 
the given time* 

1»135 : 1 : : 77*45625 : 
1 •! 35)rr'45625(68'243 
6810 



9356 
9080 

976S 
2270 



Of Discounts tm bb allowed for fatikg of Mombt 

BEFoafi IT becomes DUB AT SlM^LB InTESBST. 




The discount of anf sum m. 




Rate per cent. 


For n years. 


n months. 


n days. 


r per cent 


mnr 


mnr 


mnr 


«r+100 


nr+ 1200 


«r+36500 


3 per cent. 


Stnn 
Sw+lOO 


• 

. mn 


3mis 


• n+400 


3»+36500 


4 per cent. 


mn 


ntft 


mn 


«+35 


«+soo 


n+9135 

• 


5 per cent. 


fitn 


mn 


mn 


«+20 


«+240 


n+rsoo 



I . 
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ESJUATION OF PAYMENTS'. Mft 

' 4925 
4540 



, 3850 
3403^ 

6B*243=x68jt. 4s. 10|d. Ans. 445 

« 2. What ia the discount of 7251. 16s. for five months, at 
3^ per cent, per annum ^ Ans« llL 10s. T^d. 

3. What ready money will discharge a debt of 13771. 
13s. 4d. due 2 years, 3 quarters and 25 days hence, dis- 
counting at 4| per cent, per annum ? 

Ans. 12261. 8s. 8|d. 



4»*' 



EQUATION OF PAYMENTS. 

Equation of Payments is the finding a time to pay at 
once seversd debts, due at different times, so that no loss 
shall be sustained by either party* 

BULK,* 

Multiply each payn^ent by the time, at which it is due ; 
then divide the sum of the {products by the sum of the pay- 
ments, and the quotient will be the time required. 

—■——■■*— ^W* I ——^■(—i— will I I I I I II I —i^— M^— — m— — i»— — 

* This rule is founded on a supposition, that the sum of the 
interests of the several debts, which are payable before the equa^ 
ted time, from their terms to that time) ought to be equal to the 
sum of the interests of the debts payable after the equated tiniB, 
from that dmf^ to their terms. Am^ng others, who defend this 
p'rinciple, Mr.'CocKBR endeavours to prove it to be right by 



900 EQUATION OF PATMEMTSU 

EXAMPLES. 

1. A owes B 1^1. to be paid as fdUows, viz* 501. in S 
mQiiths, 60L in 7 months, and 80L in 10 months ; what is 
the equated time to pay the whole ? 



ma^mmi^a^i^^m^m^mmm 



this argument $ that what is gained by keeping some of the debts 
after they are due, is lost by paying others before they are due. 
But this cannot be the case \ fi>r, though by keeping a debt un- 
paid after it is due there is gained the interest of it for that time, 
yet by paying a debt before it is due the payer does not lose the 
interest for that time^ but the discount only, which it less than 
the interest, and therefore the rule is not true. 

« 

Although this rule be not accurately true, yet in most quefri 
tiOQS, that occur in business, the error is so trifling, that it will 
be much used. 

That the rule is universally agreeable to the supposition may 
be thus demonstrated. 

d s first debt payable, and the distance of its term of 
payment t. 
iiCt*^ Ds last debt payable, and the distance of its term T» 
a: BBS distance of the equated time, 
r =ss rate of interest of 11. for 6ne year. 

r The distafice of the time t and x 
Then, ance x lies be- J is = jp— /; 

tween Tand t \ The distance of the time 7 and x 

L is = T^x 

Now the interest of d for the time jt— -^ is x^-^^xdr ,• and t|^ 

interest of D for the time 73— .x is 7U^ x2>r ; therefore 



X(frs7^^— vTXi^r by the supposition; and from this equation 

X is found ^—r- — --i wluch is the rule. And the same might 

D+d 

be shown of any number of payments. 

The true rule is given in equation of payments by dedmakw 



JRiilUAtlON OF PAYMES^TS* pi 

50X 6=300 
60X 7a=420 
80+ lOssSOO 

50+60+80=190)1520(8 

1520 Ansi. 8 moiitiis. 



2. A owes li 52L 7s. 6d» to.be paid in 4J[ months^ SQL 
lOs* to be paid in 3^ months, and 761. 2s. 6d. to be paid in 
5 mon^ ; what b the equated time to pay the whole ? 

Ans* 4 months, 8 dayBy 

3. A owes B 2401. to be paid in 6 months, but in one 
month and a half pa}^^ him 60l. and in 4^ montils after that 
801. more ; hoW much longer dian 6 months should B iti 
equity defer the i^est I Ans. 3*7 motiths^ 

4. A debt is to be paid as follows, viz. ^ at 2 nlonths, ^ 
at 3 nionths, | at 4 months, | at 5 months, ^d the rest at 7 
thonths ; what is the equated time to pay the whole ? 

Ans. 4 months axid 18 daysj. 

EQUATION OF PAYMENTS BY DECIMALS. 

Two debts being' due at different timeSj to find tjte equated 

time to pay the whole* 

RULE.* 

1* I'o the Slim of botti payments add the continual pro-- 
duct of the first payment^ the rate, or interest of IL for one 



tiimmmmmmmi^mmmmmm** 



* No rule in Arithmetic has been the occasion of so masxf 
disputes as that of Equation of Paymentii. Almost every writ<^ 
er on tlus subject has endeavoured to show the fallacy of the 
methods, used by other authors, and to substitute a new one in 
their steady But the only tra« rule seems to be that of Mi^ 



2« ' EQUATION OF PAYMENTSf. 

year, and the time between the payments, add call diia the 
first numben 

2. Multiply twice the first payment by the rate, and call 
this the second number* 



Malcolm, or otie similar to it in its essential principle's^ deiiv* 
ed from the consideration of interest and discount. 

Thte ttAti giten abote^ i* the same as Mr. Malcolm's, ex^ 
cept it is not encumbered with the time before any payment is 
due, that being no necessary part of the operation. 

Dbmonstratioit ot T^s Rulb. Suppose a sum of mcHiey 
to be due immediately, and another sum at the expiration of a 
certain given time, and it is proposed to find a time to pay the 
whole at once, so that neither party shall sustain loss. 

Now it is plahi, that the equated time must fall between those 
of the two payments i and that what is got by keeping the first 
debt after it is due, should be equal to what Is lost by paying 
the second debt before it is due. 

But the gahi, arising from the keeping of a sum of money 
after it is due, is evidently equal to the interest of the debt for 
that timOiT 

And the loss, which is sustained by paying of ^a sum of mo- 
ney before it is due, is evidently eqmd to the discount of the 
debt for that Ume.- 

Therefore it is obviotrs, that the debtor must retidn the sum 
immediately due, or the first payment, tilt its interest shall be 
equal to the discount of the second sum for the time it is paid 
before due ; because, in that case) the gidn and the loss will be 
equals and consequently neither party can be loser* 

Now to find such a time, let a ss first payment, ^ » second, 
and t =8 time between the payments; r aerate, or interest* o 
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Equation of paymentsl saa 

3. iJivide the first number by the second, and. call the 
quotient the third number. 



-rv*> 



lU for one ycai', and x =» equated tin^e after the ftrtt paymeijit. 
Then arx s= intere9t of a for x tjme, 

ao^ j-T^^^^^;j:^a?diRcowjt pf ^ for ti)^ dme /»^, 
p\xt arx ^—~, r-by the queadon, from which equatkiQ 



^ is found «.2i*±2f:+i±£l±: 






2ar 2ar 



cr 



1 

T 



Let ■■ ^"^. b e put equal to n, and — s w. 

Then it is evident, that n, or its equal n^^ i^ greatiBV than 



»* — ml^f and therefore x will have two affirmative values, the 



2 1^ , -i— ^1^ 



quantities »+» — m\ and n— » -r^mi being both positive. 

But only qne of those values will ans¥>er the conditions of t|ie 
quesdon ; and, in all cases of (his problem, x will be ?=n-^ 

For suppose the contrary, and let x =c n+n'— 'wl^ 



Then /--cra=sr--*n-,p-f^.---iwl sr — >n\ I -l-n -— m| = 

Now,sincetf+A+a/rx-?^r— *=«jand^i/X s=m, we shall 

have from the first of these equations t* — 2/n»**-^/-.-arx— 



and consequently t^^'mxvan^.m^tm.^.^x— 

" or 



ar 



1 



'But»'— */X— 

ra 



' isevidently.great^rthann'— ^/---«/X-^7, 

arj 



and therefore n*— drx-^P— »*— ftr.,-^/X— j^,oritsequal ^-^-cr, 



«*4 equati6n of payments. 

4. Call the square of the third number the fourth number, 

5* Divide the product of the second payment, and time 
between the payments, by the product of the first payment 
and the rate, and call the quotient the fifth number. 



*F^ 



must be a negative quantity ; and consequently or will be greats 
er than r, that is, the equated time will fal) beyond the second 
payment) which is absurd. The value of a: therefore cannot 

i 



- a+b+atr a+d+arrl bt 

be 9 -J — --—-J • — • -r- 

3or ^ 2ar I Hr 



y but roust in sm gases be 







» 


a+b+aer 


a-^b-^ata 


«_« 


%ar 


• 2fir 


.ar 



1 
— y which IS the same as the rule. 



From this it appears, that tlie double sign, made use of by 
Mr. MalcolM) and every author since, who has given bis me- 
thod, cannot obtain, and |hat there is no ambiguity in the prbb* 
lem. 

In like manner it might be shown, that the directions, usually 
£^iven for finding the equated time, when there are more than 
two payments, will not ag^ee with the hypothesis ; but tliis may 
be easily seen by working an example at large^ and examining 
the truth qf the concl^sion. 

■ 

The equated time for any number of payments may be read- 
ily found when the question is proposed in numbers, but it woul4 
pot be easy to giye algebrafc theorems for those cases, on ac- 
count of the variation ot the debts and times, and the difficulty 
of finding between whipl^ of the payments the equated timq 
would happen. 

Supposing r tobe the amount of 11. for one year, and the othn 

log.ar +b 

er letters as be&re, then trrr « ^H be a general thep* 

iog. r ' 

^m for the equated' time of any two payments, reckoning com- 
pound interest, and is found in the same< manner as the foimer. 



EQUATION OF PAYMENTS. 



ton 



6» From the fourth number take the fifth, and call the 
Bquare root of the difference the sixth number* 

7* Then the difference of the third and sixth numbers is 
the equated time, after the first payment is due. 

EXAMPtES. 

1. There is lOOL payable one year hence, and 105L payaiw 
Ue 3 years hence ; what is the equated time, allowing sim- 
ple interest at 5 per cent, per annum f 



100 

•05 

5*00 
2 



100 
2 

200 
•05 



10-00 
100 
105 



10<X>=:2d numben 



10)21 5=1 st number* 

21*5s3d number. 
21-5 



1075 
215 
430 



'^^n 



462«25s=4th number. 



105 
2 



Ist payment X rate = 5)210 



42s5th numbei;. 



306 COMPOUND Interest. 

462*25 21*5 

42 (20-5=6th number. 



• • 



1= equated time from the first 
420*25(20*5 payment, and •*• 2 years ::^ 

4 whole equated time* 

405)2025 
2025 

2. Suppose 400L are to be psddat die end of 2 years, an4 
2100L at the end of 8 years ; what is the equated time for 
one payment, reckoning 5 per cent, simple interest ? 

Ans. 7 ye^Sf 

3. Suppose 300L are to be paid a|: one year's end, sipd 
300L more at the end of 1^ year ; it is required to find the 
time to pay it at Que pajonent, 4 per Cent- simple interest be-» 
ing allowed? Ans. 1*248437 yeart 



COMPOUND INTEREST, 

Compound Interest isths^t, which arises from the prino 
cipal and interest taken together, as it becomes due, at the 
e^d of each stated time of payment. 

BULE.* 

1. Find the amo^nt of the given principal for the time of 
the first payment by Simple Iiiteres^ 

9* Consider this amount a^ the principal for the second 



*— n^ 



* The reason of this mle b evident frpm the ^efinidonj, ^i^A' 
the principles of Simple Interest. 



,Jiayinent, whose amount calculate as before, and so on 
through all the pajrments to the last, still accounting the bttt 
amount as the principal for the next payments 



StAMPLES. 

1« What is the amount of 320L 10s. for 4 years, at S per 
cent, per annum, compound interest ? 

. 9^^)3aOL lOis* 1st yearns pirincipal. 

16 6d# Ist yearns interest. 

2d year's principal. 
2d year's interest. 

3d year's principal. 
3d ^efar's interest. 

4th year's principals 
4th year's interest. 

389 11 4^ whole amount, or answef i*equired. 

i* What is the compound interest of r60L lOs. forbom 4 
years, at 4 per cent, i Ans. 1391. 3s. 6^d. 

3. What is the compound interest of 4101. forborn for 2} 
years, at 4| per cent, per annum ; interest payable half- 
yearly ? Ans. 48l. 40. ll|d. 

4. Find the several amouiPts of 5DL payable yearly, half- 
yearly, and quarterly, bding forbom 5 years, at 5 per cent, 
per annum, compound interest. 

Ans. 631. 16s. 3|H. 641. and 641. Is. 9|d. 



g^)336 
16 


10 
16 


9 


,V)353 

tr 


7 
13 


4 


18 



11 






)08 COMPOUND INTEREST. 

COMPOUND INTEREST BY DECIMALS. 

' EULE.* 

1. Find the amount of IL for one year at the given rattf 
per cent. , 



* DkmonbtrAtion. Let r ss amount of 11. (or one yeary' 
andy^ sa piincipal or given suih ; then sinc^ r ift the amount of 
11. for one year, r' will be its amount for 3 years, r ^ for 3 years, 
and so on ; for when the rate and time are the same, all prind- 
pal sums are necessarily as their amounts ; and consequently* 
as r is the principal for the' second year, it will be as 1 : r : : r 
t r* SB amount for the second year, or principal for the third ;^ 
and again, aa 1 2 r : : r* : r ^as amount for the third ye^r, or 
piincipal for the fourth, and so on to any number of years. And 
if the number of years bt denoted by /, the amount of II. for t 
years will be r*. Hence it will appear, that the amount of any 
other principal sum ft for t years is^r^; for as 1 : r^ : : /i : /rr^, 
the ssime as in the rule. 

If the rate of interest be determined to any other time than a 
year, as iy |, &c. the rule is the same, and then i will represent 
that stated time. 

V s^ amount of 11. for one jrear at th^ giten rate per 
cent, 
j /t B principal or sum at interest. 
^^^ i s= interest. 
/ ^ time. 
m SB amount for the time r. 

Then the following theoi^ems will exhibit the solutions of aH 
the cases in compound interest. 



Compound interest. sou 

% Involve the amount) thas found) to such a power, as is d*» 
noted by the number of years. , 



I, fir*^m II. /tr^— >iai; 

« 

^he most convenient way of giving the theorem for the ft'nwf 
as well as for all the other cases, will h^ by logarithms, as fol- 
lows. 

I. tXlog.r+hg./its^logiin. 11, log.m — txhg. r=^log. fi^ , 

ftj iog:m.~4ogi/i ,^ hg.fih^og.fi 

xii. J g«.^^ IV . log, r. 

log. r r ** ' 

If the compound interest, or amount of any sum, be required ' 
fbr the i>arts of a year, it may be determined as fellows. 

I« When the time ia any dUqttot part of a year. 

9 

RULE. 

1. Find the amount of 11. for one year, as before, and that 
root of it, which is denoted by the aliquot part, will be the 
amount sought. . 

S. Multiply the amotnt, thtis found, by the principal^ and it 
^ill be the amount of the given sum required, 

II. Vfhcn the time ia n6t an aliquot fiart of a year, 

Rt7LX4 

\ 

% 

i. Reduce the time into days, and the 365th root of the 
amount of 11. for one year is the amount for one day. 

3. Raise this amount to that power, whose index is equal tp. 
the number of days, and it will be the amount of 11. for the giv«» 
en tlme» 



^ 



3 10 COMPOUND iNtERES t . 

* 3« Multipty tfiis power by the prmcipal^ or given suin^ 
and the product will be the amount required* 

4. Subtract the principal from the amount, and there* 
mainder will be the interest. 



fl 



XZAMPLBS. 



1. What is the compound interest of 500L for 4 years, at 
5 per cent, per annum i 

1*05 = amount of IL for one year at 5 per 
1*0*. cent. 

525 
1050 



1*1025 
11025 

55125 
22050 
110250 
11525 

l«21550625s^4th power of 1*05. 
500= principal. 



607*75312500= amount. 
500 



,107*753125=1071. 15s. Ojd. = interest required. 

3. Multiply this amount by the principal, and it will be the 
amount of the given sum required. 

To avoid extracting very high roots, the same may be done 
by logarithms thus ; divide the logarithm of the rate, or amount 
of 11. for one year, by the denominator of the given aliquot part, 
and the quotient will be the logarithm of the root sought. 



. > 



ANNUITIES. 311 

2. What is the amount of r60l. 10s. for 4 years, at 4 per 
cent, i Ans. 889L 13s. 6|d» 

3. What is the mount of 72lL for 21 years, at 4 per cent* 
per annum ? Ans. 16421. 19s. lOd. 

4. What is the amount of 2171. forborn 2 J years, at 5 per 
pent, per annum, supposing the interest payaUe quarterly ? 

Ans. 242L 13a. 4|d. 



ANNUITIES. 

An Annuity is a sum of money payable every year, for 
B- certain number of years, or forever. 

When the debtor keeps the annuity in his own hands, be^ 
yond the time of payment, it is said to be in arrears. 

The sum of all the annuities for the time they have been 
forborn, together with the interest due upon each, is called 
the amounts 

If an annuity be to be bought off, Ofr paid all at once, at 
the beginning of the first year, the price, which ought to hp 
given for it, is called the present worthy 

To find the amount of an Annuity at Simple Interests 

1. Find the sum of the natural series of numbers 1, 2, 3, 
&G* to the number of years less ene« 

* DsMDN^TEATioN. Whatever the dm# is, there is due iq^ 
on tbe first year's annuity, as many years' interest a$ the whoto 



913 



ANNUITIES. 



2. Multiply this sum by one year's interest of the annuityi 
and the product will be the whole interest due upon the an- 
nuity. 

9. To this product add the product of the annuity and 
time, and the product will be the amount sought^ 



number of years less one ; and gradually one less upon every 
•ucceeding year to the last but dlie ; upon which there is due 
only one year's interest, and none upon the last ; therefore in 
the whole there is due as many years* interest of the annuity^as 
the sum of the series I9 3, 3, 4, Sec. to the number of years less 
9ne. Consequently one year's interest, multiplied b^y this ^um, 
must be the whole interest 4ue : to which, if all the annuides b^ 
lidded, the sum is plainly the amount. Q. £• D. 

Let r be the ratio, n the annuity, t the dme, and a the 
amount. 

Then let the following theorems giye the solutions of all the 
different cases. 



I. — ^tnm€ 






t*n 



in. 



t*r — rr-f3/ 



IV. !f +£ 

TTt 4 



id 



In the Ust theorem d sa — '- — , and ip theorem first, if a 



m 



sUm cannot be found equal to the amounti the problem is im* 
possible in whole years. 

Note. Some writers look upon this method of finding the 
amount of an annuity as a species of Comfiaund IntercBt ; thft 
annuity itself, they say, being properly the Simple Interest, and 
the capital; whence it arises, the principal. 



.J 



J 



ANNUITIES* I «ia 

Note. When the annuity is to be paid half-yearly or 
i^uarterly ^ then take, in the former case, | the ratio, ^ the 
annuity, and twice the number of years ; and in the latteF 
case, ^ the ratio, ^ the annuity, and 4 times the number oi 
years, and proceed as befpre. 



EXAMPLES. 

1. What is the amount of an annuity of 501. for 7yeafat^ 
£|||lowing simple interest at 5 per cent. ? 

1+2+3+4+5+6=21=3X7 

21. 10s.:±:l year's interest of 50^ 
3 



7 


10 

7 


■ 


52 


10 


' 


350 


0= 


=501, X 7 



402L 10s. = amount required. 

* 

2. If a pension of 6001. per annum be forbom 5 years, 

>vhat will it amount to, allowing 4 per cent* simple interest ? 

, Ans. 3240L 

3. What will an annuity of 250l. amount to in 7 years, to 
be* paid by half yearly payments, at 6 per cent, per annum, 
tlinple interest ? 

Ans. 2091U 5ft. 



314 ANNUITIES. 

To find the prwent ivorth of an Annuity at Simple Interests 

RULE.* 

Find the present worth of each year by itself, discounting 
from the time it becomes due, and the sum of all these will 
be the present worth required. 



* The reason of this rule is manifest from the nature of dis- 
county for all the auiuities may be considered separately, as so 
many single and independent debts, due after 1, 3, 3, &c. years ; 
so that the present worth of each being found) their sum must 
be the present worth of the whole. 

The esdmadon, hovireirer» of annuides at simple interest is 
highly unreasonable and absurd. One instance only will be suf- 
ficient to show the truth of this assertion. The price of an an*» 
nuity of 50}, to continue 40 years, discounting at 5 per cent, will, 
by either of the rules, amount to a sum, of which one year's in- 
terest only exceeds the annuity. Would it not therefore be 
highly ridiculous to give, for an annuity to continue only 40 
years, a sum, which would yield a greater yearly interest iox* 
ever. 

It is most equitable to allow compound interst. 

Let t^ s present worth, and the other letters as before. 



Then-< 



■»— •■ 



IXr^ l-h2r^ l+3r' \+tr 



111 1 

A-*-—— -I h % &C« to ' SBW. 

' 1+r^ l+2r^ l+3r* 1+rr 



The other two theorems for the time and rate cannot be giy-^ 
en in general terms* 



AJIHUITIE9. * S15 



EXAMPLES. 



1. What is tbfi pr^iesnt worth of an annuity of lOdL to 
continue 5 years, at 6 per c^nt* per amnmt sio^ple interest ? 



106 : 100 : 
112 : 100 : 
118 : 100 : 
124 : 100 : 
130 : 100 : 



100 : 94^3396 = presentworth*the first year. 
100 : 89«285r » 2d year. 

100 : 84*r45r = 3d year. 

100 : 80*6451 == 4th year. 

100 : 76*9230 = 5th yean 



425.9391 = 4251. 18s. 9}d. = present 
worth of thor annuity required* 

2. What is the present worth of an annuity or pension of 
500l. to continue 4 years, at 5 per cent, per annum, simple 
interest ? Ans. 17821. 3s. 8|d. 

To find the Amount of an Annuity at Compouna Interest. 

J* 

RULE.* 

Make 1 the first term of a geometrical progression, and 
the amount of IL for 1 year, at the given rate per cent* the 
ratio. 



* Dkmonstratiok. It is plain, that upon the first year's 
annuity, there may be due as many year's compound interest as 
the given number of years less one, and gradually one year's 
kiterest less upon every succeeding year to that preceding the 
last, which has but one year's interest, and the last bears no in- 
terest. • ' 

« 

Let r therefore a rate, or amount of 11. for 1 year ; then 

the series of amounts of 11. annuity, for several year's, from the 



^» 



iU ANNUITIES. 

^ Cany the series to as many terms as the number oi 
years, and find its sum* 

3. Muluply the siim thus found by the given annuity, ^d 
the product wiU be the amount soughtr 

« 

1. What is the anbount of an annuily of 40L to continue 5 
years, allowing 5 |>er cent, compound interest ? 



first to the last, is 1, r, r' , r', 8cc. to r^l. And the sum of this 

iccording to the nile in Geometrical Progression, ^l be J;^^ « 

timount of II. annuity for t years. And all annuides are proper^ 

^ — 1 jj I 

tional to their amounts, therefore 1 : : : » : Lx n ss 

r— 1 r— 1 

aaftount of any given annuity n. Q. £. D. 

Let r KB rate, or amount of 11. for one year, and the other 

letters as before, then xnasa, and ^ ^ =sn. 

r— -I r* — 1 

And firom these equations all the cases relating to annuities^ 
or pensions in arrears, may be conveniently exhibited i|i logar» 
rithmic terms, thus : 



\ 



I. Zog. n+Log. r/— 1 — Log, r — l±szLog. a, 

II. Log. a, — Log, H'*— 1+ Log. r-^lssLog. n. 



lU. ^Qg- ar—a+n— Log. n_^ jy ^_ar a^ _j ^ 

Log. r, n ^ n 



Al4NUlTrt& iit 



i+l^S'+l*05\ +1-05J +l-05l*=5'52^6312* 
5*52563 12*^ 
40 



221-02525 
20 



0*505 
12 

6*06 Ans. 22il. 6d« 

i2. If ioL yearly rent, or annvuty, be forbotn 7 years, whit 
will it amount to, at 4 per cent, per annum, compound inter- 
est f Ans* 3941. 18s. 3^d. 

To find the present value of Annuities at Compound Interest. 

RtJLE.* 

!• Divide the aniiuity by the ratio, or the amount of ll* 
for one year^ and the quotient will be the present worth of 
the first year's annui^. 



mmmmammmmmmmm^mmitM 



* The reasdn df this rule is evident from th« nature of the 
question, and what was said on the same subject in the purchas- 
ing, of annuities at Simple Interest. 

Let fi a present worth of the annuity, and the other letters as 

r*— I 
before, then as the amount sb — -_ — x^) and as the present worth 

•r principal of this, according to the principles of Compound Ii^ 
terest, is the amount divided by r ^ therefore 



And from these theorems all the cases, where the purchase 

28 



\ 



ilft ANNtJlTi£& 

2* Divide the annuity by the square of tbe ratio, and tUd 
quotient will be the present worth of the annuity for the sec-' 
ond year* 



of annuities is concerned) may be Exhibited in log^arithmic terms^ 
as follows; 

I. Lo^. n+Log. U '^Log.r — X^Log.fi, 

T 

li. Log.fi+Log.r — l-^mjjog. \'-^^^=sLog.n. 



Let / express th6 number of half years or quarters, n the half 
year's or quarter's payment, and r the sum of one pound and \ 
or ^ year's interest^ then all the preceding rules are appticable 
to half-yearly and quarterly payments, the same as to whble 
years* 

The amount qfan annuity may also be found for yearo and /larts 

of a year thus: 

1. find th» aoMMUit lor the whole years as before. 

2. Find the interest of that amount for the g^iven parts of ai 
year. 

3. Add this interest to the former amount; and it will give 
the whole amount required. 

The present worth of an annuity for years and fiarts of a year 

may be found thus : 

1. Find the present Worth for the whole years as before. 

2; Find the present worth of this present worth, discounting 
for the given parts of a year, and it will be the whole present 
worth required. 



$. Find, in like manner, the present worth of each year 
by itself, and the sum of all tl>ese will bp ^he value of the an- 
nuity sought. 

EXAMPLES* 

!• What is the present worth of an annuity of 40L to con« 
tinue 5 years, discounting at 5 per cent* per annum, com- 

pDund interest? 

[year, 
ratio = 1«05)40-OPOOO(38*095= present worth for first 

ratio|»= 1-1025)40'00000(36*281= do. for 2d year* 

ratio| ^=1 •! 57525)40'00CX)D(34*556= 4o. for 3d year. 

ratio|*=l -2 1 55O6)4000O00(32*899= do. for 4th year, 

ratio|'=l*2r6218)40*00060(31-342= do. for 5th year, 

173-173 = 1731. Ss. 5|d. = 
whole present worth of the annuity required. 

2. What is the present worth of an annuity of 211. lOst 
9|d» to continue 7 years, at Q per cent, per annum, com- 
pound interest? Ans. 120L 5s« 

3. What is 701. per annum, to continue 59 years, worth 
in present inoney, at the rate of 5 per cept. per annum ? 

Ans. 1321*30211 

To find the present worth of a Freehold Estate^ or an Anrwir 
ty to continue forever^ at Compound Interest. 

KULE.* 

As the rate per cent, is to lOOl. so is the yearly rent to 
the value required. 



T^ 



* The reascn of this rule is obvious ; for since a year's inters 
est of the price> iirhich is given for it| is th^ annuity, there C9^ 
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9jNl ANNUITIES. 

' EX4MPLE9* 

1. An estate brings in yearly 791. 4s« what would it sell 
for, allowing the purchaser 4} per cent, compound interest 
fbr his money i 





4*5 : 100 : : 79*2 : 




100 




^•5)7920-0(ir60L the answer. 




45 




342 




315 ' 




270 




270 



neither more nor less be made of that priqe than of the annuity i^ 

whether it l^ employed at simple or compound interest. 

» 

The same thing may be shown thus ; the present worth of an 

4V AV A9 ^M 

annuity to continue forever is - +— +— +-3^ &c. ad infim^ 

r r* r* r* 

iuMj as' has been shown before ; but the sum of this serLes, by 
the rules of Geometrical Proerression.is ; therefore r — 1 : 



mm 

I : : n : p which is the rule. 

The following theorems show all the varieties of this rule^ 
'•-— r«A 11. r^l^zsn. HI. -+ l=r, or^«r— 1. 

The price of a freehold estate, or an annuity to continue for* 
ever, at simple interest, would be expressed by — - — H » 

.11 

• TTsT"'" 114 > ^^' ^^ infinitum ; but the sum of this se-r 

ries is infinite, or greater than any assignable number, which 
aoflidently shows the absurdity of using simple interest in these 
casi^« 



. ANBJurriEa. 9»h 

2- What 18 the price of a perpetual annuity of 401. disr 
counting at 5 per cent, conipound interest ^ Ans. 800U 

3« What is a freehold estate of 75l. a year worth, allow? 
ing the buyer 6 per cent, compound inter<;st for his money ? 

Ans. 1250ly 

fo^nd this present worth of an Annuttyy or Freehold Estate^ 
in Reversion^ at Compound Interest. 

RULE.* 

1. Find the present worth of the annuity, as if it were tQ 
jbe entered on immediately. 

2. Find the present Wordi of the last present worth, dis- 
counting for the time between the purchase and commence- 
nfent of the annuity, and it will be the answer required* 

EXAMPLES. 

1. The reversion of a freehold estate of 79L 4s« per anr 
num to commence 7 years hence^ is to be sold : what is it 
worth in ready money, allowing the purch^er 4^ per cent, 
/or his money ? 



■ > I M I»i f 



^ This rule is sufficiently evident without a demonstradon. 

Those, who wish to be acquainted with the manner of comr 
puting the values of annuides on lives, may consult the writings 
of Mr. Dbmoivrs, Mr. Simpson, and Dr. Price, all of whpm 
hate handled this subject in a very skilful and masterly mari- 
ner. 

Dr. Price's Treatise on Abnuities and Revolutionary Pay? 
ments is an excellent performance, and will be found a very 
valuable acquisition to those, whose inclinations lead them tp 
(ftydies of this nature: 



<k9t ANNUITIES. 

4-5 : 100 ; : 79'2 : 

100 



4*5) 7920*0(1 760 = present worth, if 
45 entered on im-# 



342 
315 

2ro 

270 



mediately* 



O 
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and 1-045| = l-360862)1760-000(1293-297 = 1293L 5s. 
)l^d* =: present worth of 17601. for 7 years, or the who^c 
present worth required* 

2. Which is most advantageous, a term of 15 years in an 
estate of lOOl. per annum, or the reversion of such an estate 
forever, after the expiration of the said 15 years, computing 
at the rate of 5 per cent, per annum, compound interest i 

Ans. The first term of 15 vcars is better than the rever- 
sion forever afterward, by 751. 18s. 7^d* 

» 

3. Suppose I would add S years to a running lease of 15 
years to come, the improved rent being 186L 7s. 6d* per an- 
num ; what ought I to lay down for this favour, discount- 
ing at 4 per cent, per annum, compound interest i 

Ans. 4601. 14s. 1|4» 
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iPOSITIOK. 

Position is a method of performing^ such questions, as ^ 
csinnot be resolved by the common direct rules, and is of 
two kinds, called single and. doiMe. ' • 

SINGLE POSITION!, • 

.Singk Position teaches to resolre those questions, wbosie * 
results are proportional to their suppositions. 

RULE.* 

1* Take any number and perform the same operations 

with it, as are described to be performed in the question. 

« 

2. Then say, as the result of the operation is to the posi- 
tion, so is the result in the question to the number required. 



* Such questions properly belong^ to this ruie^ as require thei 
multipHcation or division of the number sought by any propos- 
ed number ; ot when it is to be increased or diminished by it* 
self, or any parts of itself, a certain proposed number of dmes. 
For in this case the reason of the rule is obvious ; it being then 
evident, that the results are proportional to the suppositions. 

nx \ X \ I na \ CL 
X a 

Thus*; "'*''".'" 

n n 

xtx - . ' a I « - , 

— X — > ^^* : X '' I — "T — , &c. : a, and so on. 

n m n — m 







NoT£. 1 may be made a constant supposition in all ques- 
tions ; and.in most cases it is better than any other number. 



894 JINGLE POSItlOK. 

EXAMPLES. * 

1. A's age is ooublediat of B^ and B^s isf triple that of. 
C9 apd the suniiof Ul their ages is 140 : what b.each pes 

kson's ag^? . . * • 

« Suppose .Vs age to Jbe 60 • 

Then will B's :sz ^ x do 
And C/s = V = ^^ • 

r 

100 sum. 
AslOd : &0 : : 140 : .li|5ti = 84=A's ag^. ' 

Consequendy '^ = 42=B*s« 

AndV=14=Cs. 

• ' — — 

140 Pi oof. 

* • 

2. A certain sum of Hionejr i^ to be divided between 4 
persons, in such a manner, that the first shall have ^ of it ;. 
the second ^ ; the third | ; and die fourth the remainder, 
wMch is 281. : what is the sum? . Ahs. 112L 

:3. A person, after spending ^ and ^ of his money, had 
60L left : what had he at first ? Ans. 144L 

4. What number is ihat^ which being incra^sed by^, ^, 
and ^ of itself, the sum shall be-125 ? . Ans. 60^ 

5. A person bought a chaise, horse, and Rarness for 60I. ; 
the horse^ came to twice the price of the harness, and .the 
chaise to twice the price of the horse and hai:ness : what did 
he give for each ? 

Ans. 1;>1. 6s. Bd. for the horse. ^* 13s.\4d. tor the har- 
ness, and 401. for Ae chaise. • . 

6. A vessel has 3 cocks, A, B, and C ; A cjin fill it in 1 
hour, B in 2, and C In 3 : in T/hat time will they all fill it 
tc^ther? Ans. Y^ hour. 
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DOUBLE POSITION^ 

lioubk Position teaclies toresolve questions by making 
two su{9[;osition8 of false numbers. ; • ' 

.. . • ^ * 

RWLE.* 

1. Take any two convenient numbers, and proceed with - 
each according to the conditions of the question. 



^fmtm 



irtWMB^ 



' * The rule is founded on this* supposition, that the first ^rror 
is to the second) as ||ie difference between the true and first sup^ 
posed number is to the difference between the true, and second 
supposed number i when that is not the case^ the exact answer 
to the question cannot be found by this rule. : 

That the rule is true! fu:cording to the suppoution, may be 
thus demonstrated. * , 

l^t vf and -0 be any two numbers^ produced from a and b by 

similar operations: it^is required to find the numbeir^ from 

which JVis produced by a like operation. . 

• » ■ 

Put X «» number required, apd let JV^—. f s=r, and JSC— J3=#. 

Then accbrding to the supposition, on which the rale is fonnd* 
edj' n : • : : x— « :' j:— 6, whence, by multiplying means and 
extreme's, rx^^^^bsssax'^^a ; andj by transposition, rx'^-^x^rb 

ea i, and, .by division, Jr=— - — - ss number sought. 



Again, if r and -a be both negative, we shall have — ^ 5 — ^ 
: • or— a : jr— ^, and therefore — .rjc+r^aa— •jc4-*<^* ^^^ rx— • 
axzsrjby'^a j whence xs* j as before. * * 



In like manner, If r or a be negative, w^ shall have x^s 

/ • • • • 

by working as before, which is the rule. 



rb+aa 
r+a 



, NoTB.« It will be often advantageous to make 1 and tbf 

.'auppoSitidns. . ' ' 

9f . 



9tt DOUBLE POSITION. ' 

2. Find how much the results are diflerent from the result 
in the.queedon.^ 

3. Multiply each of the errors by the contrary supposi* 
tion, and fiad the sum or difference of die products*' 

4. If (he errors be alike, diviHe the difference of the pro- 
ducts bjr the difference of the errors, and the quotient witt 
be the answer. 

5. If the errors be unlike, divide the sum of the products: 
by die ttum of the errors, and ihp quotient will be the an- 
iwen f 

Note. The errors are said to bfe alike, when they are 
both too great or both too little ; and urUike, when one is toa 
great and the other too little* * . 

SXAMPLBB. 

1. A lady bought tabby at 4s. a yard, and Persian at 2s. 
a jrard ; the whole number of yards «he bought was 8, and 
the whole price 20b. : how many yards had she of each sort ? 

Suppose 4 yards of tabby, value 168. 
Then she must have 4 yards of Persian, value 8 

• Sum of theic vahies 24 



m 



So that the first error is + M? 
Agiun, suppose she had 3 yards of tabby at 12s«* 
Then she must have 5 yards of Persian at lO 

Sum of their values 2? 

So that the second trtor is 4- 2 
Th^n 4—2=2= difference of the errors. ♦ * 

.^ Also 4x2=8= ^duct of the first supposition and sec- 

ond error. 






DOUBLE POSITION. SS7 

And 3x4=12= product of the second supposition by the 
iirst error. 

* 

And 12—8=4= their difference. 

Whence 4-5-2=2= yards of tabby, 1 - 

And 8—2=6= yards of Persian, J *^ *"*^^- 

2. Two persons, A and B, have both the saate income ; 
A saves | of his yearly ; but fii, by spending 50l. per annum 
more than A, at the end of 4 years finds himself lOOL in 
debt : what is their income, and what do they spend per an*' 

Ans. Their income is 1251. per annum ; A spends lOdL 
and B 150L per annum* 

3. Two persons, A and B, lay out equal sums of money 
in trade ; A gains 1261. and B loses 8rl« and A*s money ]# 
now double that of B ; what did each lay out i Ans. 3001. 

9 

4. A laborer was hired for 40 days, on this condition, 
that he should receive 20d. for every <lay he wrought, and 
forfeit lOd. for every day he was idle i now he received ^ 
last 2L Is. 8d. : how many days did he work, and how ma* 
ny was he idle i 

Ans. He wrought 30 days, and wa« idle 10. 

« 

5. A gentleman haMwo horses of considerable value, and 
a saddle worth 50L ; now, if the saddle be put on ihe back 
of the first horse, it will make his value double that of the 
second ; but if it be put on the back of the second, it will 
make his value triple that of the first : what is the vslue of 
«acfa horse ? Ans. One 30L and the other 40l. 

6. There is a fi^h, whose head is 9 inches long, and his 
tail is as long as his head and half as long as his body> and 
his body is as long as his tail and Juis hea4 : what is the 
whole length of the fish i Ans. 6 feet v 
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PERMUTATION AND COMBINATION. 

The Permutation of Quantities is the showing how many 
different ways the order or position of any given number of 
diings may be changed. 

This is also called Variation^ Alternation^ or Changes / 
And the only thing to be regarded here is the order they 
stand in ; for no two parcels are to haye.all their quantities 
placed in the same situation. 

The Combination of Quantities is the showing how oftea 

m less number of things can be taken out of a greater, and 

combined together, without considering their places, or the 

order they stand in, 

« 
This is sometimes called Election^ or Choice; and here 

every parcel must be different from all the rest, and no two 

are to have precisely the same quantities, or things. 

The Composition of Quantities is the taking a given mim«> 
ber of quantities out of as many equal rows of different quan- 
tities, one out of each row, and combining them together. 

Here no regard is had to their places ; and it differs from 
conibination oi^y* ^ that admits of but one row, or set of 
things. 

Combination of the same form are those, in which there is 
the same number of quantities, and the same repetitions » 
thus, abccy bbad^ deef &c. are of the samie foroi \ but obbc^ 
ffWf^ aaccy Sec ar^ of different forms. 



PERIiUTATION AND COMBINATION. 2M 

PROBLEM 1. 

To find the number of permutations, or changes, that can 4r 
made of any given number of things, all different from 
jTOjch other. 

RULE.* 

Multiply all the terms of the natural series of numbefs, 
from 1 up to the given number, continually together, and 
the last product will be the answer required. 

• ♦ 

t 

BXAMPLEB. 

1. How itiany changes may be made with these three leiK 
-ters, abc ? 

1 

2 , Or 1X8X3=6 the answer*, 

2 
3 

6 



* The reason of the rule may be shown thus ; any one thing 
a is capable only of one position^ as a. 

Any two things, a and b, are only capable of two variations ; 
^ abj ba ; whose number is expressed by 1 X2. 

If there be 3 things, a, by and e, then any t^vt> of them, leav** 
jing out the third, will have 1x2 variations ; and consequently, 
when the third is taken in, there will be lXtx3 variations. 

In the same manner, when there are 4 things, every 3, leavmg 
out the forth, will have 1X3x3 v^iations. Then, the fourth 
being taken in, there will be 1 x2 X3X4 variations. And sooO) 
f^% &r a) you please, . 
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■ 4 
die ehsu^^es. 

acb 

' hac 

bca 

cab : . f 

cba -^ !. * 

« 

2. How many changes may be rung on 6 bells t 

Aub. 72a 

3. For how many days can 7 persons be placed in a dif- 
lerent position at dinner? Ans« 5040 days* 

4* H9W many changes may be rung on 12 bells, ;tiidbow 
long would they be in ringing, supposing 10 changes to be 
rung in 1 minute, and the year to consist of 365 da;^ 5 hours 
and 49 minutes f 

Ans. 479001600 changes, and 91y. 96d* 22h« 41m. 

5* How many changes may be made of the words in the 
fidlowing verse ? Tot tibi sunt doteSy virgo^ quot mfdera calo. 

Ans. 4032Qe - 

/ ■ 



I' 



PROBLEM %4 



t 



Any number of different things ieinggivetiy to fnd. how mch 
ny changes can be made out ofthem^ by taking any given 
number at a time* 



'* 



RULE.* 



Take a series of numbers, /beginmng at the number of 
things given, and decreasing by 1 till the number of terms 



ih^mrmmm mB i \w^^immfmmmmimmmmmrmm>mmm^mm^^mmmfm^mm 



^ This nUe, expressed in terms, is as ibilows : mxm— 1 k 



HI— 3Xm— ^, Sec. to n terms; where m sa number of things 
(iveoy and ft ■» quantities to be taken at a tirne^ 
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be equal to the nun^ber of things to be taken at a time, and 
the product of all the'terms will be the answer required. 

In order to deYnonstrate the rule, it will be necessary to pr(^» 
mise the following • 



LEMMA. 



♦ • 



4 

The number of changes (rf m things, ta^en ^ at a dm^^ is equal 
to m changes of i»<^l things, taken n-«l at a dme. 



pBMOMSTiLATioir. Let any 5 quantities^ abedt^ be given. 

First) leave out the a, and let v es number of all the varia* 
Uofis of every twb) bc^d^ &c. that can be taken out of the 4 re- 
maining quantities, bcde. 

Now ^t a be.put in the first place of each of them, ctbc^ abdj 
' fcc. and the aumber of changibr will still remain the same ; that 
is, x^ tts number of variatons of eve tj S out of the &, abcde^ when 
« is first. 

J I like manner, if d, c, </, e, be successively left out, thenum- 
of variations of all the twos will als^ s v ; and bj c, (/, e^he^ 
Ing respectively put in the first place, to make 3 quantities out 
of S, there will still be v variations as before. * 

9 
• 

But these are all the variations, that can happen of 3 things 
out of 5, when a^b^cy d,ey ar« successively put first ; and there- 
fore the sum of all these b the sum of all the changes of 3 
things out of 5. ^ 

But the sum of these is so many times v, as is the number of 
things ; that is, 5v, or mv, es all the changes of three things out 
of 5. And the same way of reasoning thay be applied to any 
numbers whatever. 

Dbmi>xst&ation of the Rulb. Let any 7 things, a^c£2^^ 
be given) and let 3 be the number of quantities to be taken.. 

Then m»7, and naS. 



1^:. 



4^ 



»• 
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^I 



BXAMPX.Xt. 



t. How many changes may be made out of the 3 letter^,- 
0icy by takmg 2 at a tim^* 

2 * • • Or 3x33c6 me answer. 

^^ . * « 

6 • • Th^ changes. 

ab * 

ba 

« 

^ ac 
. ca * 

be 
• cb 

2. How maay words can be made with 5 letters of the- 
alphabet, it being admitted, that a number of consonstnts may 
make a word ? Ahs. 5100480. 

l^AOBLEM 3. ^ 

c 

Any,number of things being givmy whereof there are several 
^ghen things of one sorty several of another ^ i^c. to find 
how many changes can be made*oid of them all* 



Now it is evident, that the number of changes, that can he 
made by taking 1 by 1 put oF 5 things, will be ^, which let == v. 

Then, by the leipma, when mssr6 and n=s±3, the number of 
^changes will » mi;ss6X5 i which let s t; a second time. 

Again by lemma, when m=7 and ns3, the ntimber of chang- 
es ss mvasTxGXS ; that is,m t;=s:mxm^7-l Xm— 3, continued to 
3| orn terms. And the same may be showp for any other num- 
beca. 



• 



• 
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RULE/ 



!• Take the series t, 2, 3, 4, &c. up to the number of 
ihitigs given, and find the product of all the terms. 



• This rule is expressed in terms thus : 

lX2x3x4>i5, &c. to m , ** _ 

^ ^ , ^ ' ; where m ssB number 

1X2X3, &c. to /i XlX2X3,&c.to ^, &c, 

of things given, p> = number of things oCl^ first sort, q ■= num- 
ber of thiijgs of the second sort, Sec. 

The DEMONSTRATION may be shown as follows. 

' Any two quantities, a, 6, both different, admit of 2 changes ; 
bUtff the quantities be the same, or a6 become oa, there will 

1x2 
be but one alteration, which may be expressed by- — --= 1 . 

Any three quantities, adr, all different from each other, affonl 
6 variations ; but if the quantities be^ll alike, or ahc become 

aaa^ then^the 6 vsft'i^tions will be reduced to 1, which may be 

*' • • • 

1 x2 x3 
expreited by •- — ~ — -=« 1 . Again, if two of the quantities on- 

1X2X3 

ly be alike, or abc become aac^ then the six yariati(5ns will be re- 

duced to these 3, aac^ caa^ and ara, iVhich may be expressed by 

1X2x3 



•1X2 



= 3. 



Any four quantities, abcd^ all different from each other, will - 
^admit of 24 variations ; but if the quantities be this same, or 
abed become aaaaj the number of variations will be reduced to 

one; which is =- — - — ■-— i=sl. Again, if three of the quan- 

1X2x3X4 

titles t>nly be the same, or abed become aaab^ the number of va^ 

nations will be reduced to' these 4, aaabj aaboy abaa^ and baauj 

1x2x3 X4 

which is -aa _ =4, And thus it may be shown, that, 

1X2x3 ' 

30 



t 
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2. Take the series lyftjQ^ 4, &c« up to the number of giv- 
en things of the first soxf^ and the series ly 2, 3, 4, &c« up 
to the number of given things of the second sort, &c. 

3. Divide the product of all the terms of the first series 
by the joint product of all the terms of the remaining ones> 
and the quotient will be the answer required* 

« 

EXAMPLES. 

1. How many variations may be made of the letters in the 
word Bacchanalia ? 

lX2(=number of cs)=: 2 
1X2x3 x4(=number of ezs) = 24 
lX2x3x4x5x6x7X8x9xlOxll(=numberof letters in the 
word)=39916800. 

2X24=^8)39916800(831600 the answer. , 

151 
76 • 

288 

• 

r • 

2. How many different numbers can be made of the fol- 
4owing figures, 12200055155 ? * Ans. 12600. 

3. What is the variety in the succession of the following 
musical notes, fa, fa, fa, sel, sol, la, mi, fa ? Ans. 3360. 

— 1P»»— — I —M— — — — I I II t III I — — I I I —i— 

if two of the quantities be alike, or the 4 quantities be aabcj the • 

number o£ variations will be reduced to 12, which may be ex- 

,, 1X3X3X4 ^^ 
pressed by — - — — — = 1 2. 

And by reasoning in the same manner it will appear, that the 
number of changes, which can be made of the quantities, abbccc^ 

1* ^.^ u- u u ,,1X2X3X4X5X6 

IS equal to 60, which may be expresseq by-*- — - — - — - — r— aae 

* X2X * X3X3 

60 ; and so of any other quantities whatever. 
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PROBLEM 4. 

To find the changes of any given numher of things ^ taken a 
given number at a time; in which there are several given 
things of one sort, several of another, &?c. 

RULE.* 

1. Find all the different forms of combination of all the 
given things, taken as man}^ at a time as in the question. 

2* Find the number of changes in any form, and multiply 
it by the number of combinations in that form. 

3. Do the same for every distinct form ; and the sum of 
all the products will give the whole number of changes re- 
quired. 

Note. To find the different formes of combination prO" 
ceed thus : 

1. Place the things so, that the greatest indices may be 
first, and the rest in order. 

2. Begin with the first letter, and join it to the second, 
third, fourth, &c. to the last. ' 

3. Then take the second letter, and join it to the third, 
fourth, &c. to the last ; and so on through the whole, always 
remembering to reject such combinations as have occurred 
before ; and this will give the combinations of all the twos. 

4. Join the first letter to every one of the twos following 
it ; and the second, third, &c. as before ; and it iii^ill ^ve the 
combinations of all the threes. \ . 

* The reason of this rule is plain from what has been shown 
before, and the nature of the problem. 



i» 
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5. Proceed in the same manner to get the combinations 
of all the fours, &c« and you will at last get all the several 
forms of combinadoni and the number in each form. 

EXAMPLES. 

1. How many clianges may be made of every 4 letters, 
that can be taken out of these df/oaabbc ? 

No. of Forms* No. of com- No. of changes in 

forms. binations. each form. 

rix2x3x4=24 
1st fl*4,a'c 2 < — =4. 

11X2X3 =6 

riX2x3x4c=24 
8d aH* 1 \ — =6. 

11X2X1X2=4 

riX2X3x4=24 
3d a^hc^b^ac 2 < — =12, 

I 1X2 =2 

4X2= 8 

6X1= 6 

12X2=24 

38 = the number of changes required* 

2* How many chunges ean be made of every 8 letters out 
•f these 10) aaaabbccde ? Ans. 22260. 

3* How many different numbers can be made out of 1 
unit, 2 twos, 3 threes, 4 fours, and 5 fives, taken 5 at a time \ 

Ans. 2111* 



f^ 
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PROBLEM 5* 

< 

To Jind the number of combinations of any given number^ of 
things^ ail different from one another^ taken any given 
number at a time*. 

RULE.* 

1. Take the series 1, 2, 3, 4, &c. up to the number to be 
taken at a time, and find the prodnct of all the terms. 



♦ This rule, expressed algebraically, is yX——X. — - — X 

, &c. to n terms ; where m is the number of given quan- 

tkies, and n those to be taken at a time. 

Demonstration of thb Rulb. 1. Let the number of 
things to be taken at a time be 2, and the things to be combined 

Now, whei]^m, or the number of things to be combined, is on- 
ly two, as a and 3, it is evident, that there can be only one com- 
bination, as ab i but if m be increased by 1, or the letters to be 
combined be 3, as abcy then it is plain, that the number of com- 
binations will be increased by 2, since with each of the former 
letters, a and d, the new letter c may be joined. It is evident 
therefore, that the whole number of combinations, in this case, 
will be truly expressed by 1+2. 

Again, if m be increased by one letter more, or the whole 
number of letters be four, as abed ; tlien it will appear, that the 
whole number of combinations must be increased by 3^since 
with each of the preceding letters the new letter d may be com- 
bined. - The combinations therefoi*e, in this case, will be truly 
expressed by 14-2+3. 

In the sstme manner it may be shown, that the.^bx)le number 
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2. Take a series of as many terms, decreasing by 1 from 
the given number, out of %vhich the election is to be made, 
and find the product of all the terms*^ 



of combinations of 3, in 5 things, will be 1+2+S+4; of 2 in 
6 things, 1+2+3+4+5; and of 2, in 7, 1+2+3+4+5+6, 
&c. 

Whence universally, the number of combinations of m things, 
taken 2 by 2, is » 1+2+3+4+5+6, &c. to m — 1 terms. 

But the sum of this series is =»-pH , which is the same 

as the rule. 

2. Let now the number of quanUties in each combination be 
supposed to be three. 

Then it is plain, that when mssSyor the things to be combin- 
ed are abc^ there can be only one combination ; but if m be in- 
creased by 1, or the things to be combined be 4, as abcd^ then 
will the number of combinations be increased by 3 ; since 3 is 
the number of combinations of 2 in all the preceding letters abc^ 
and with each two of these the new letter d may be oombined. 

The number of combinations therefore, in this case, is 1 +3. 

Again, if m be increased by one more, or the number of let- 
tei*s be supposed 5 ; then the former number of combinations 
will be increased by 6 ; that is, by all the combinations of 2 in 
the 4 preceding letters, abed ; since, as before, with each two of 
these the new letter e may be combined. 

ThI number of combinations therefore, in this case, is 1 +3 
+6. 

Whence universally, the number of combinations of m things, 
taken 3 by 3f is 1+3+6+10, 8cc. to m*-2 terms. 
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3. Divide the last product by the former, and the qao- 
tient \7ill be the number sought. 

EXAMPLES. 

1. How many combinations can be made of 6 letters out 

m 

of ten ? 

Ix2x3x4x5x6(=the number to be taken at a time)=720 
10X9X8X7x6x5(=same number from 10)=151200 

720)151200(210 the answer. 
1440 



720 
720 

O 

2. How many combinations can be made of 2 letters out 
of 24 letters of the alphabet ? Ans. 276. 

3. A general, who had often been succesful in war, was 
asked by his King, what reward he should confer on him 
for his services ; the general only desired a farthing for ev- 
ery file of 10 men in a file, which he could make with a body 
of 100 men : what is the amount in pounds sterling ? 

Ans. 180315723501. 9s. 2dL 



But the sum of this series is =-- x -r— X — r — > which is the 

12 3 

same as the rule. 

And the same thing will hold, let the number of things, to be 
taken at a time, be what it may ; therefore the number of com- 
binations of OT things, taken n at a time, will =— X— ^ X— 

13 3 

I7Z— '3 ^ .« .^ 

X— 7- , &c. to n terms. Q, E. D. 
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FROBLEX 6. 

To find the number of combinations of any given number of 
things^ by taking any given number at a time; in which 
there are several things of one sort y several of another , ^c* 

BULB. 

1* Find by trial the number of different forms, which the 
things, to be taken at a time, will admit of, and die number 
of combinations in each. 

2. Add together all the combinations, thus found, and the 
sum will be the number required. 

EXAMPLES. 

r 

1. Let the things proposed be aaabbc i it is required to 
find the number of combinations, that can be made of every 
three of these quantities. 

Forms. Combinations. 

r.» 1 

rt*i, a'^Cy b^Oj b*c 4 

abc 1 , 

6=:number of combina- 
tions required. 

2. Let aaabbbcc be proposed ; it is required to find the 
number of combinations of these quantities, taken 4 at a 
time ? Ans. 10. 

3. How many combiniations are there in aaaabbccdey 8 be- 
ing taken at a time ? Ans. 1 3. 

4. How many combinations are there in aaaaabbbbbccccdd 
ddceeefffgy 10 being taken at a time ? Ans. 2819. 



PERMUTATIOJi AND COMBlNATIONf. uy 

PROBLEM 7m 

Ttijindthe compositions ofanif number ^ in dn equal number 
ofsets^ the things themselves being all different. 

RULE,* 

Multiply the number of things in every set continually tcK 
gather, and the product will be the answer required* 



* Demonstration. Suppose there are only tw6 sets; then 
it is plain, that every quantity of one set^ being combined with 
every quantity of the other, will make all the compositions ot 
two things, in these two sets ; and the number of these compo- 
sitions IS evidently the product of the number of quantities in 

one set by that in the other* 

■ \ 

Agsdn, suppose there are three sets ; then the composition of 
two, in any two of the sets, being combined with every quantity 
of the third, will make all the compositions of 3 in the 3 sets. 
That is, the compositions of 3 in any two of the sets, being 
multiplied by the number of quantities in the remaining set, will 
produce the compositions of 3 in the 3 sets ; which is evidently 
the continual product of all the 3 numbers in the 3 sets. And 
th^ same manner of reasoning will hold, let the number of setn 
be what it will. Q. E. D. 

The doctrine of permutations, combinations, &c. is of very ex- 
tensive use in different parts of the mathematics ; particularly 
in the calculations of annuities and chances. The subject might 
have been pursued to a much greater length ; but what has been 
done already will be found sufiicientformost of the purposes, to 
Fhich things of this nature are applicable. 

31 



949 MISCELLANEOUS QUESTIONS. 



BZAMPLS8. 



!• Suppose there are 4 companies, in each of which there 
are 9 men ; it is required to find how many ways 4 men may 
he chosen, one out of each company. 

9 
9 

81 
9 

r29 

9 

6561 
Or, 9X9X9X9^:6561 the answer. 

8. Si4^x)se there are 4 companies, in one of which there 
are 6 men, in another 8, and in each of the other two 9 ; 
whtX are the choices, by a composition of 4 men, one out of 
each company i Ans. 3888. 

3. How many changes are there in throwing 5 dice i 

Ans. 77/6. 



MISCELLANEOUS QUESTIONS. 

1. WHAT difference 'is there between twice five and 
twenty, and twice twenty-five ? Ans. 20. 

% A was bom when B was 21 years of age ; how old will 
A be when B is 47 ; and what will be the age of B when A 
i8 60? Ans. A 26, B 81. 
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3. What number, taken from the square of 48, will leave 
16 times 54 i Ans. 144a 

4. What number, added to the thirty-first part of 3813, 
will make the sum 200 ? Ans. 77* 

5. The remainder of a division is 325, the quotient 4^r, 
and the divisor is 43 more than the sum of both : what is 
the dividend ? Ans. 390270. 

6. Two persons depart from the same place at the same 
time ; the one travels 30, the other 35 miles a day : how far 
are they distant at the end of 7 days, if they travel both the 
same road ; and how far^ if they travel in contrary direc- 
tions ? Ans. 35, and 455 miles. 

7. A tradesman increased his estate annually by* lOOl. 
more than | part of it,^and at the end of 4 years found, that 
his estate amounted to 10342L 3s. 9d» What had he at ; 
first i Ans. 4000L 

8. Divide 1200 acres of land among A, B, and C, so that 
B may have 100 more than A, and C 64 more than B. 

Ans. A 312, B 412, and C 476. ^ 

9. Divide 1000 crowns j give A 120 more, and B 95 less, 
than C. Ans. A 445, B 230, C 325. 

10. What sum of money will amount to 1321. 16s. 3d. in 
15 months, at 5 per cent, per annum, simple interest i 

Ans. 125L 

11. A father divided his fortune among his sons, giving 
A 4 as often as B 3, and C 5 as often as B 6 ; what was the 
whole legacy, supposing A*s share 5(KX)1. i Ans. 11875L 

12. If 1000 men, besieged in a town with provisions for 
5 weeks, each man being allowed 16oz. a day, were rein* 
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forced with 500 men more. On heariog, that they cannot 
be relieved till the end of 8 weeks, how many ounces a day 
must each man have, tl^at the provision may last that time f 

Ans. 64oz« 

13. What -number is that, to which if f of f be added, 
the sum will bt ti Aus* fy« 

14. A father dying left his son a fortune, ^ of which he 
ran through in 8 months ; ^ of the remainder lasted hiin 
twelve months longer ; after which he had only 410L left«^ 
What did his father bequeath him i Ans. 9k56l. 13s. 4d« 

If. A guardian paid his ward 35001. for 2500L which he 
had in his hands 8 years. What rate of interest did he al- 
low him ? ^ \ ' * Aniu $ per^cent. 



16. A person, being asked the hour of the day, said, the 
time past noon is equal to ^ of the time till midnight. What 
was the time ? Ans. 20 niin. past 5. 

ISr. A person, looking on his watch, was asked, what waf 
the time of the day ; he answered, it is between 4 and 5 ; 
tut a more particular answer being required, he said, that 
the hour and minute hands were then exacdy together, 
^hat was the time ? ^ Ans. 21-jSr minutes past 4. 

18. With 13 gallons of Canary, at 6s. 4d. a gallon, I mix- 
ed 18 ^llon^ of white wine, at 4s. 10d« a gal. and 12 gallons 
of cider, at 3s. Id. a gal. At what rate vfm% \ sett a quart 
f this composition, so as to clear 10 per ceiit^ ^ 

Ans. Is. 3 
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t9« What length must be cut off aboard, 8| inches broad, 
lo contain a square foot, or as muc)i as 12 inches in length 
and 12 in breadth ? Ans. 17 jf in. 

20. What difference is there between the interest of 3501. 
at 4 per cent, for 8 years, and the discount of the same sum 
at the same rate and for the same time i Ans. 271./ S^^s. 

21. A father devised -^-^ of his estate to one of his sons, 
and -^ of the residue to another, and the surplus to his re- 
lict for life ; the children's legacies were found to be 2^/1. 
35.. 44» different. What money did he leave for the widow ? 

Ans. 6351. 10|^d. 

22. What number is that, from which if you take 4 of 4, 
and to the remainder add -/j of ^^^, the sum will be 10 ? 

Abs. IOjVVt* 

23. A man dying left his wife in expectation, that a child 
would be afterward added to the surviving family ; and mak* 
ing his will ordered, that, if the child were a son, f of his 
estate should belong to him, and the remainder to his moth- 
er; but if it were a daughter, he appointed the mother f, 
and the child the remainder. But it happened, that the ad* 
dition was both a son and a daughter^ by which the widow 
lost in equity 24001. more than if there had been only ag^rl. 
What would have been her dowry, had $he had only a son i 

Ans.2100L 

24. ^ young har^ stisirts 40 yards beforjs a grey-houncL 
and is not perceived by him till she has been up 40 seconds ; 
i^he scuds away at the rate of ten miles an hour, and the dog, 
jsn view, makes after lier at this rate of IS. How long will 
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the course continue, and what will be the length df it from 
the place, where the dog. set out ? 

Ans« 60^'*^ seconds, and 530 yards run. 

25. A reservoir for water has two cocks to supply it ; by 
the first alone it may be filled in 40 minutes, by the second 
in 50 minutes, and it has a discharging cock, by which it 
may, when full, be emptied in 25 mihutes. Now supposing, 
that these three cocks are all left open, that the water comes 
in, and that the influx and efBux of the water are always 
alike, in what time would the cistern be filled ? 

Ans. 3 hours 20 min. 

26. A sets out from London for Lincoln precisely at the 
dme, when B at Lincoln sets forward for London, distant 
100 miles j after 7 hours they met on the road, and it then 
appeared, that A had ridden !•} mile an hour more than B« 
At what rate an hour did each of them gravel ? 

Ans. A 7||, B 6|| miles. 

27* What part of 3d. is a third part of 2d. . Ans. 4. 

28. A has by him l^cwt. of tea, the prime cost of which 
was 961. sterling. Now granting interest to be at 5 per cent, 
it is required to find how he must rate it per pound to B, so 
that by taking his negotiable note, payable at 3 months, he 
may clear 20 guineas by the bargain ? 

Ans. 14s. 1 j^4^« sterling* 

29. What annuity is sufficient to pay off 50 millions of 
pounds in 30 years, at 4 per cent, compound interest? 

Ans. 28915051. 
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30. There is an kland 73 miles in circumference, and 3 
fbotmen all start together to travel the same way about it ; 
A goes 5 miles a day, B 8, and C 10 ; when will they all 
come together again ? Ans. 73 days. 

3i. A man, being asked how many sheep he had in his 
drove, said, if he had as many more, half as many more^ 
and 7 sheep and a half, he should have 20 : how many had 
he ? ' ^ *' . " Ans. 5* 

32. A person left 40s# to 4 poor widows. A, B, C, and 
D ; t6 A he left ^, to B J, to C |, and to D |, desiring the 
whole might be distributed accordingly : what is the proper 
share of each ? . 

. Ans. A's share 14s. 4|d. B's 10s. 64|d. C's 8s. S^^A. 

D*s rs. ^vd- 

33. A general, disposing of his army into a square, finds 
he has 284 soldiers over and above ; but increasing each 
side with one soldier, he wants 25 to fill up the square ; how 
many soldiers had he ? Ans. 24000. 

34. There is a prize of 2121. 14s. 7d. to be divided among 

a captain, 4 men, and a boy ; the captain is to have a share ^ 
and a half; the men each a share, and the boy •! of a share : 
what ought each person to have ? 

Ans. The captain 541. 14s. -^d. each man 361. 9s. 4^d. 
and the boy 12l. 3s. l|d. 

t 

35. A cistern, containing 60 gallons of water, has 3 une« 
qual cocks for discharging it ; the greatest cock will empty 
it in one hour, the second in 2 hours, and the third in 3 : in 
what time will it be empty, if they all run together ? 

Ans. 32-j-*y minutes. 
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36« In an orchard of fruit trees, ^ of them bear apples, ^ 
pears, j. plumbs, and 50 of them cherries : how many trees 
are there in all ? Ans. 6(XX 



BKD. 



. / 



#? •-/ 7 ^ '"*. -^ -^ 



/ 
"/ 



7 - 



f /. 



t .».» # 



\ 

1 

hi 

l| 

_i 

I ' 



» 



Sr« A can do a piece of work alone in ten days, and B in \ 

13; if both be set about it together, in what time will it be j 

I: finished? '/ ' ^ - ' { - Ans. 54i days. 

^- / • • -^ ** >>'. < ' • 

K^ 38* A, B, and C are to share lOOOOOL in the proportidu 

tr of ^, ^, and ^, respectively \ but C's part being lost by his 

%• death, it is required to divide the whole sum properly be* 

tween the other two. 
i;« Ans. A's part is 57l42m, and B*s 42857^^ 
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